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Preface

Utinam exitus acta probet

Global optimization plays an outstanding role in applied mathematics, because a
huge number of problems arising in natural sciences, engineering, and economics
can be formulated as global optimization problems. It is impossible to overlook
the literature dealing with the subject. This is due to the fact that-unlike local
optimization-only small and very special classes of global optimization problems
have been investigated and solved using a variety of mathematical tools and
numerical approximations. In summary, global optimization seems to be a very
inhomogeneous discipline of applied mathematics (comparable to the theory of
partial differential equations). Furthermore, the more comprehensive the consid-
ered class of global optimization problems, the smaller the tractable scale of
problems.

In this book, we try to overcome these drawbacks by the development of
a homogeneous class of numerical methods for a very large class of global
optimization problems. The main idea goes back to 1953, when Metropolis et al.
proposed their algorithm for the efficient simulation of the evolution of a solid to
thermal equilibrium (see [Met.etal53]).

In [Pin70], the analogy between statistical mechanics and optimization is already
noticed for the first time. Since 1985, one tries to use this analogy for solving
unconstrained global optimization problems with twice continuously differentiable
objective functions (see [Al-Pe.etal85], [GemHwa86], and [Chi.etal87]). These new
algorithms are known as simulated annealing. Unfortunately, simulated annealing
algorithms use so-called cooling strategies inspired by statistical mechanics in
order to solve global optimization problems but neglect the existence of efficient
local optimization procedures. Hence, these cooling strategies lead to unsatisfactory
practical results in general.
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The analogy between statistical mechanics and global optimization with constant
temperature is analyzed for the first time in [Schd93] using Brownian Motion and
using the stability of random dynamical systems. This analysis forms the basis of
all methods developed in this book. As a result, the application of the equilibrium
theory of statistical mechanics with fixed temperature in combination with the
stability theory of random dynamical systems leads to the algorithmic generation
of pseudorandom vectors, which are located in the region of attraction of a global
optimum point of a given objective function.

Here is an outline of the book. In Chap. 1, stochastic methods in global optimiza-
tion are summarized. Surveys of deterministic approaches can be found in [Flo00],
[HorTui96], and [StrSer00] for instance. In Chap.2, we develop unconstrained
local minimization problems and their numerical analysis using a special type of
dynamical systems given by the curve of steepest descent. This approach allows
the interpretation of several numerical methods like the Newton method or the trust
region method from a unified point of view.

The treatment of global optimization begins with Chap. 3, in which we consider
unconstrained global minimization problems. A suitable randomization of the curve
of steepest descent by a Brownian Motion yields a class of new non-deterministic
algorithms for unconstrained global minimization problems. These algorithms are
applicable to a large class of objective functions, and their efficiency does not
substantially depend on the dimension of the given optimization problem, which
is confirmed by numerical examples. In Chap. 4, we propose a very important appli-
cation of the results of Chap. 3, namely, the optimal decoding of high-dimensional
block codes in digital communications. Chapter 5 is concerned with constrained
global minimization problems. Beginning with equality constraints, the projected
curve of steepest descent and its randomized counterpart are introduced for local
and global optimization, respectively. Furthermore, the penalty approach is analyzed
in this context. Besides the application of slack variables, an active set strategy
for inequality constraints is developed. The main ideas for global minimization
of real-valued objective functions can be generalized to vector-valued objective
functions. This is done in the final chapter by the introduction of randomized curves
of dominated points.

Appendix A offers a short course in probability theory from a measure-theoretic
point of view and Appendix B deals with the algorithmical generation of pseudo-
random numbers, which represents the fundament of all numerical investigations
in this book. Since we have chosen a stochastic approach for the analysis and
numerical solution of global optimization problems, we evidently have to ask
whether this approach is adequate when dealing with stochastic global optimization
problems. This question is answered in Appendix C by the investigation of gradient
information additively disturbed by a white noise process.

The reader of this book should be familiar with

* Initial value problems
e Theory and practice of local optimization
» Topics in probability theory summarized in Appendix A
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Chapter 1
Stochastic Approach to Global Optimization
at a Glance

1.1 Random Search

Let
f:R(CR") >R

be a given objective function of a global minimization problem and let P be a
probability distribution defined on the feasible region R, then a random search
algorithm is defined as follows:

1. Compute m pseudorandom vectors X, .. ., X,, as realizations of m stochastically
independent identically P -distributed random variables
X, ..., X
2. Choose j € {1,...,m} such that

f(x;) < f(x;) forall ie({l,...,m}.
3. Use x; as global minimum point or apply a local minimization procedure with
starting point X; to minimize f.

The utility of this algorithm depends mainly on the choice of the probability
distribution P as the following example shows.

Example 1.1. Choose n € N and consider the function

i [-L1]" =R, x~ 2:(4)@2 —cos(8x;) + 1).

i=1

Each function f, has 3" isolated minimum points with a unique global minimum
point at x = 0 (Figs. 1.1 and 1.2).

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 1
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1_1,
© Springer Science+Business Media New York 2012
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1
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Fig. 1.1 Funct

Fig. 1.2 Function f,

tely

is approxima

The region of attraction to the unique global minimum point

4,0.4]".

by [0
Using the uniform probability distribution P, , on [—1, 1]" for X, ..., X,,, then

given

= P..(X; €[-0.4,04]") = 0.4"
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Fig. 1.3 Lebesgue density function A 5,

denotes the probability that a realization of X; lies in the region of attraction of the
global minimum point.
Using the probability distribution Py, given by the Lebesgue density function

exp (—fu(x))
[ exp(—fa(x)) dx

(=1.1]"

A [-1L1]" >R, x+

for Xy, ..., X, then

[ exp(—fu(x) dx

_ [-0.4.0.4

P T exp (— fu(x)) dx

[~1.1]

~ 0.8"

again denotes the probability that a realization of X; lies in the region of attraction
of the global minimum point (Figs. 1.3 and 1.4).
We obtain
P~ 2" Pun-
Clearly, the efficiency of pure random search depends mainly on the choice of P.

In order to make use of the advantage of Py, over P,,, one has to find a suitable
Lebesgue density function A for a given objective function f and one has to
develop an algorithm for the generation of realizations according to A r. Both will be
done in the next chapters. Random search algorithms are investigated in [HenT6t10]
and [ZhiZilOS] and analyzed in [Kar63] and [Zhi91] using extreme-order statistics.
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Fig. 1.4 Lebesgue density function A 5,

1.2 Adaptive Search

Adaptive search algorithms for the global minimization of
f:R(CR") - R

do the following:

1. Compute a pseudorandom vector X; as a realization of a P-distributed random
variable, where P denotes a probability measure on R.

2. Based on k computed vectors Xi,...,Xx, compute a pseudorandom vector
X¢+1 as a realization of a Pj-distributed random variable, where P; denotes a
probability measure on the set

{xeR;, fxX) < f(x;),i =1,...,k}.

3. Check some termination condition.

Obviously, adaptive search algorithms generate a strictly monotonic decreasing
sequence { f(x;)} of function values at random. In the last 25 years, there has been a
great amount of activity related to adaptive search algorithms (see, e.g., [Bul.etal03],
[Pat.etal89], [WoodZab02], and [Zab03]). Nevertheless, it has turned out that the
computation of a pseudorandom vector in

{xeR; fX)< f(x;),i=1,....k}

by an appropriate probability measure P is too difficult in general.
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1.3 Markovian Algorithms

A general Markovian Algorithm for the global minimization of
f:R(CR") - R

can be formulated as follows (cf. [ZhiZilOS]):

(i) By sampling from a given probability distribution P; on R, obtain a pseudo-
random vector x;. Evaluate y; = f(x;) and set iteration number k = 1.
(i) Obtain a pseudorandom vector zy € R by sampling from a probability
distribution Qy (x) on R, which may depend on k and x;.
(iii) Evaluate f(zx) and set

z;  with probability Pk
Xk+1 = )
X, with probability 1 — px

where py is the so-called acceptance probability, which may depend on

X, Zk, f(z;), and yi.

(iv) Set
fa) if X1 =12
YVi+1 = .
Ye oo il Xpq1 = Xg

(v) Check a stopping criterion. If the algorithm does not stop, substitute k + 1 for
k and return to Step (ii).

The best-known Markovian algorithm is simulated annealing. Let
M* ;= {x* € R; x* is a global minimum point of f} # @

be the set of all global minimum points of f and let Py« be a probability
distribution on R such that
Py«(M*) =1,

then a simulated annealing algorithm tries to approximate a pseudorandom vector
w* according to Py« (in other words w* € M™ almost surely). The acceptance
probability is chosen by

e = min{1,exp(—i (f (@) — f(x))} =
1 if f(z)— f(xx) <0
exp(—Be(f () — fx0)) if  f@)— f(x) >0
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with B > 0 for all k € N. In order to achieve an approximation of a pseudorandom
vector w* € M*, one has to choose the sequence {f} such that

klim Brx = oo (aso-called cooling strategy).
—00

The efficiency and the theoretical properties of simulated annealing depend mainly
on the choice of the probability distributions Q(xx). Unfortunately, it is not
easy to find an optimal class of probability distributions Q(xx) for a given
global optimization problem. Furthermore, there are additional restrictions for
the sequence {f;} (see [Hajek88] and [Mitra.etal86] for instance) depending on
(unknown) properties of the objective function to ensure the approximation of

w* € M* almost surely.

Therefore, many heuristic arguments have been produced (in a highly visible
number of publications) to improve simulated annealing (see, e.g., [Sal.etal02] and
[LaaAarts87]).

1.4 Population Algorithms

Population algorithms keep a set (the so-called population) of feasible points as a
base to generate new points (by random). The set of points evolves by occasionally
replacing old by newly generated members according to function values. After
the publication of the book by Holland [Holl75] a special type of population
algorithms became popular under the name Genetic Algorithms. Similar population
algorithms became known under the names of evolutionary programming, genetic
programming, and memetic programming. The lack of theoretical foundations
and consequently of theoretical analysis of this type of algorithms is usually
compensated by an exuberant creativity in finding terms from biology like evolution,
genotype, selection, reproduction, recombination, chromosomes, survivor, parents,
and descendants. The fact that these algorithms are still very popular is caused
by this practice. Population algorithms are characterized by a large number of
parameters in general: The MATLAB Genetic Algorithm, for instance, can be
adjusted by setting 26 parameters.

In 1995, the biological terminology was enlarged by names like “swarming
intelligence” and “cognitive consistency” from behavior research (see [KenEber95])
without improvement of the methods. The new catch phrase is “artificial life.”
A short and apposite survey of population algorithms is given in [HenT6t10].



Chapter 2
Unconstrained Local Optimization

2.1 The Curve of Steepest Descent

In this chapter, we investigate unconstrained local minimization problems of the
following type:

locmin{ f(x)}, f:R"—>R, neN, feC*R"R),

where C!(R”,R) denotes the set of / times continuously differentiable functions
g : R" — R (I = 0: continuous functions) and where f is called objective function.
Hence, we have to compute a point x,,, € R" such that

f(x) > f(x,) forallx e U(x,,),

where U(x,.) € R” is an open neighborhood of x,,.
The curve of steepest descent

x:DC[0,00) > R"

corresponding to this unconstrained local minimization problem with starting point
Xo € R” is defined by the solution of the initial value problem

X(t) = =V f(x(1)), x(0) = xo,

where V f : R" — R" denotes the gradient of the objective function f.
In the following theorem, we summarize some important properties of the above
initial value problem.

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 7
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1_2,
© Springer Science+Business Media New York 2012
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Theorem 2.1 Consider
f:R" >R, neN, feC*R"R), xR,
and let the set
Lix = {xeR"; f(x) = f(x0)}
be bounded, then we have the following:

(1) The initial value problem

X(1) = =V f(x(1), x(0) = xo,
has a unique solution x : [0, c0) — R”".
(i) Either
x=xo iff Vf(x)=0

or
Fx(t +h) < f(x(t) forall the[0,00), h>O0.

(iii) There exists a point X,,, € R" with
Aim f(x(@)) = f(X) and V(%) = 0.
—00

Proof. Since L 7y, = {x € R"; f(x) < f(Xo)} is bounded and f € C?(R",R), the
set L zx, is compact and there exists a r > 0 such that

X ER" f(®) < f(x0)} € {x € R": [xll, < 7).

Setting
Vi) if x|, <7
g:R" >R", x> ,
V() i x>

we consider the initial value problem

(1) = —g(z(1)),  2(0) = xo.

Since g is globally Lipschitz continuous with some Lipschitz constant L > 0, we
can prove existence and uniqueness of a solution z : [0, 00) — R” of this initial
value problem using the fixed point theorem of Banach. Therefore, we choose any
T > 0 and investigate the integral form

t

z(t) = Xo —/g(z(r))dr, te[0,T].

0



2.1 The Curve of Steepest Descent

Let C°([0, T ],R") be the set of all continuous functionsu : [0, 7] — R” and

K :C%0,T].R") — C°(0,T].R"),

t

K@) (t) = xo —/g(u(t))dt, te[0,T].

0

Obviously, each solution of the initial value problem
o(r) = —g(z(r)), 2(0) =x0, 1€[0,T]
is a fixed point z7 of K and vice versa. With

d:C°[0,T],R)xC°([0,T].R") - R, (u,v) IIEI%&)T(] (||u(t) _ V(t)||2e_2L’) ,

it is well known that (C°([0, T ], R"), d) is a complete metric space.
The calculation

IK@) (@) = KM (@)]e™*" = /(g(V(f)) —gu()dr| e
0

2

IA

/ I8V () — g dt - M
0
- / lgv(D) — gu() e 2H e dr - e
0
< L/ ”V(‘L') —ll(z')||2e_2Lte2Ltdr ~€_2Lt
0

t
< L-d(u, v)/eu’dt-e_zu
0

1
= L-d(u, V)i (e —1) e

L 1
< id(u,v) = Ed(u,v), te[0,T]

shows that |
d(K(u), K(v)) < Ed(u, V)
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so that the fixed point theorem of Banach is applicable. Consequently, we have
found a unique solution z7 : [0, T ] — R” of

(1) = —g(z(1)). z(0) =xo
for all T > 0, and this gives us a unique solution z : [0, c0) — R" of
(1) = —g(z(1)), 2(0) = xo.

Now, we assume
Vf(xo) #0

@Gf V f(x0) = 0, there is nothing to do) and consider the function

. d
f(z(e)) :[0,00) > R, 1 Ef(l(l)) (= =V f(2(1) "g(z(t)))
(one-sided differential quotient for t = 0). For t = 0, we obtain

f(@(0)) = =V f(x(0)) "g(x(0)) = =V f(x(0)) "V f(x(0)) < 0.

Since f (z(e)) is continuous, either there exists a smallest 6 > 0 with

f(2(6) =0

or

f(z()) <0 forallt €[0,00).

If such a & > 0 exists, then z() € Ly, forall # € [0, 8], and the initial value
problem

w(r) = g(w(@)) (= Vf(w()), w()=z0), €[0,0]
has to have two different solutions

wy:[0,0] > R", > z(0)
wy:[0,0] > R", t+2z(0—1)

which is a contradiction to the Lipschitz continuity of g. Hence,
f(z(t)) <0 foralls € [0,00)
and therefore,

z(t) e {x e R"; f(x) < f(x0)} forallt €[0,00).
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Consequently, the unique solution
x:[0,00) > R"
of the initial value problem
X(t) = =V f(x(), x(0) =xo

is given by

(part (i) of the theorem). From
F(x(1)) <0 forallz € [0, 00),
we obtain
fx( +h)) < f(x(¢)) forall tz,he[0,00),h>0

(part(ii) of the theorem).
Since
x(t) e {xeR"; f(x) < f(x0)} forallz €[0,00),

we get immediately for all # € [0, c0)

f(x(0)) = f(x(1)) = {f(y)} > —o0

min
yE{xeR"; f(x)< f(x0)}

by the fact that
xeR" f(x) = f(x0)}

is compact and that f is continuous. Since f(x(¢)) is monotonically decreasing in
t and bounded from below, there exists a M € R with

Jim f(x(1)) = M.

Therefore,
M~ f(xo) = / F()di = — / IV £x(0))2dt.
0 0

From this equation and the fact that

IVf(x@)|5>0 forallz >0
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follows the existence of a sequence {x(f) }ren With

0<fty <tgt+1, k€N, lim 1 =00, and lim V f(x(t)) = 0.
k—o00 k—o00
Since
x(t) € x e R"; f(x) < f(x0)} forallk e N,

there exists a convergent subsequence {x(f;)};en with

1 <kj; <kjt1,j €N, lim k; =00, and lim x(f;) = X
j—o00 j—o00

Finally, we get

lim f(x(t;)) =M = f(X.) and Vf(x.)=0.
j—00

The curve of steepest descent given by
X(t) = =V i(x(@). x(0)=xo
is regular because ||x(¢)||, > O for all t € [0, 0co0). Therefore, it is common to

consider reparametrizations:

(1) Unit speed curve of steepest descent with V f(x(0)) # 0:

VIO _
YO = Rraw, YO =%

with arc length S between y(so) and y(s1):

S1

851
S=[hhmm=/uum_m

0 S0

(i) Curve of steepest descent according to objective function values with

V/(x(0)) # 0:

V)

M e

V(O) = Xy
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with

pl

p1
d
FO(p) — F(v(p0)) = / TS (e)dp = / (—1)dp = po — p1.
0

o

The application of reparametrizations to nonlinear programming is discussed in
[SchaWar90].

A characteristic of a curve is its curvature, which measures the curve’s local
deviation from a straight line, for any curve point P. The curvature of a twice
continuously differentiable curve

x:[0,00) = R%, > x(t)

is defined by (see, e.g., [Tho78]):

X1 ()3 (1) — X1 (1) X2(1)

k:[0,00) >R, 3
(X1(1)> + %2(1)%)?

We demonstrate the relevance of curvature by two examples.

Example 2.2. Consider the local minimization problem

locmin le 1.5 =05 X
X 2 -0.5 1.5

—
M

. . . 2
with starting point Xg = o)

The curve of steepest descent is given by

X(r) = — (_(1)2 _(1)2) x(1) (= -Mx(1)), x(0) = ((2))

with unique solution (Fig.2.1)
—t _ o=

—t —2t
x:[O,oo)—>R2, t|—>(e Te )
e

The curvature k of this curve is shown in Fig. 2.2. Note that

0<«k(t)<1.5, te€]0,00).
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Fig. 2.1 Curve of steepest descent, Example 2.2
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Fig. 2.2 Curvature
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Fig. 2.3 Curve of steepest descent, Example 2.3

Example 2.3. Now, we investigate the local minimization problem

. I + 500.5 —499.5
locmin { —x
X 2 —499.5 500.5

M

. . . 2
with starting point Xg = o)

In this case, the curve of steepest descent is given by

500.5 —499.5 2

X0="\_4095 s005)%") (=MW xO={,

with unique solution

o . et + 1000t
x:[0,00) = R%, — o= 1000t ) -
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300

250+

200+

150

curvature

100+

50+

0 1 1 I J
0 0.005 0.01 0.015 0.02
t

Fig. 2.4 Curvature, Example 2.3

The maximum curvature at  ~ 0.008 with i (f) ~ 275 (Fig. 2.4) corresponds to the
sharp bend of the curve in Fig. 2.3.

In general, it is not possible to compute a curve of steepest descent analytically.
Therefore, we summarize numerical approximations of the curve of steepest descent
in the next section. It turns out that the optimal choice of a numerical approximation
of a curve of steepest descent depends essentially on the curvature of this curve.

2.2 Numerical Analysis

A self-evident approach for the numerical solution of the initial value problem

X(t) = =V f(x(1), x(0) = xo,

is given by the Euler method. Assume that one has computed an approximation
X, (f) of X(7). The Euler method with step size & > 0 defines

mep(t_ +h) = Xﬂpp(t_) - th(mep(t_))

as an approximation of x(f + /). This method arises from the replacement of

~|

+h

VFx@)dt with hV f(x(@))

~
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in the integral form

~

+h
X(t +h) =x,()— [ Vf(x@))dt

of the initial value problem

X(1) = =Vf(x@), x(7) = X, (D).

In terms of nonlinear programming, the Euler method is called method of steepest
descent, where the step size / is chosen such that

S Xy (£ + 1)) < f (X (1))
The Euler method is exact, if
Vx(®):[f.i +h] > R", 1 V[f(x(1))

is a constant function. In this case, the curvature of the curve of steepest descent is
identical to zero on [7, 7 + h]. Coming back to Example 2.3

locmin
X

le 500.5 —499.5 X
—499.5 500.5

M

. . . 2
with starting point Xo = E

we show that the Euler method requires small step sizes in general (caused by the

curvature of the curve of steepest descent). Using the Euler method with constant
step size 1 > 0, one obtains with I, = ((1) (1))

X,y (0 4 ih) = X, (0 + (i — 1)h) — hMx,, (0 + (i — 1))
= (IZ - hM)Xapp(O + (l - l)h)

= (I, — kM)’ ((2))
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While lim x(z) = (8), the sequence {x,,,(0 + i)}, ey converges to (g) iff
—>00

1—hM| <1 and |1—hiy| <1

where Ay = 1 and A, = 1000 are the eigenvalues of M. Hence, the sequence
{X.p(0 + ih)}ien converges to (8) iff 0 < h < 0.002 (an analogous calculation

leads to 0 < & < 1 in Example 2.2).
In order to avoid these difficulties, one replaces

I+h
/ Vf(x()dt with hV f(x(F + h))

in the integral form

~

+h
X[+ h) = X0 — | Vx@)dr

of the initial value problem

X(t) = —Vf(X(t)), X(f) = mep(t_)7
which leads to the implicit Euler method. Applying this method to

‘) = — ( 500.5 —499.5

2
—499.5 500_5) x(r) (= -Mx(1)). x(0) = (0)

yields
X,pp(0 +ih) = x,,(0 + (i —1)h) — hMXx,,,(0 + ih)

or alternatively,
Xp(0 + ih) = (I, + hM)"'x,,,(0 + (i — 1)h)

= (I + kM)~ (3)

Now, the sequence {x,,, (0 + i/1)};en converges to (8) iff

|1+hk1| >1 and |1+I’l/12| > 1
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with A; = 1 and A, = 1,000 which means that there is no restriction on the step
size any longer. Unfortunately, the implicit Euler method requires us to solve

Koo (0 + 1) = X (D) = 1V [ (X (7 + )
or equivalently
Xy (& + h) + hV f(X,,(f + h)) —x,,(T) =0
which is a system of nonlinear equations in general. Considering the function
F:R' > R", ze>z+hVf(z)—x,,»0),

the linearization of F at x,,,(7) is given by

LF:R" > R", z hV f(x,(0) + (I, + hVZf(xmpp(t_))) (Z — X, (1)),

where I, denotes the n-dimensional identity matrix and V2 f : R" — R"" is the
Hessian of f. The equation

Xapp(ZT + h) + hvf(xapp(lT + h)) - Xapp(ﬂ =0

is equivalent to
F(x,,( + h)) = 0.

Replacing F by LF leads to

th(mep(l_)) + (In + hvzf(xmpp(t_))) (mep(t_ + h) - Xapp(t_)) =0

or equivalently

-1
X7+ 1) = Xy (1) = (%I + v2f<xapp(f))) Vf (1)
for suitable & > 0 (small enough such that (%In + V2 (X (ﬂ)) is positive definite).
This method is called semi-implicit Euler method and is closely related to the trust
region method in nonlinear programming. In 1944, the addition of a multiple of
the identity matrix to the Hessian as a stabilization procedure in the context of the
solution of nonlinear least-squares problems appears to be published (in [Lev44])
for the first time by K. Levenberg (see [Conn.etal00] for a detailed description of
trust region methods and their history). Furthermore,

-1
i = (00 V20000 V50 = = (V5 0) 9 5 D)

for positive definite Hessian V2 f(x,,(7)). This is the Newtonian search direction.



Chapter 3
Unconstrained Global Optimization

3.1 A Randomized Curve of Steepest Descent

After a short discussion of local optimization, we investigate the following uncon-
strained global minimization problem:

globmin{ f(x)}, f:R"—>R, neN, feC*R"R).

In other words, we have to compute a point X, € R” such that
f(x) > f(x,) forallx e R".

It is not reasonable to develop methods for solving unconstrained global minimiza-
tion problems neglecting the existence of powerful methods solving unconstrained
local minimization problems. Therefore, we are only interested in computing a
suitable starting point close enough to a global minimum point in order to apply
a local minimizing procedure.

Let the objective function f : R" — R be such that

/eXp (—Zigx)) dx < 00

R”

for some € > 0. In this case, the function

exp (— 2{ g") )

an exp (—Zg")) dx

AriR" >R, x+—

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 21
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1_3,
© Springer Science+Business Media New York 2012
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Fig. 3.1 Objective function f

can be interpreted as a Lebesgue density function of an n-dimensional real-valued
random variable X ;. We illustrate the main relationship between f and A r in the
following example.

Example 3.1. The objective function
fiR? =R, (x,9)" - 6x% 4 6y? — cos(12x) — cos(12y) + 2

has 25 isolated minimum points with the unique global minimum point at the origin
(Figs.3.1 and 3.2).
Figure 3.3 shows the corresponding Lebesgue density function A 7.

The smaller the function value of f, the larger the function value of A, and
finally the likelihood of X . If we would be able to generate realizations of the
random variable X s, we would be able to generate suitable starting points for local
minimization procedures to compute a global minimum point of f. Unfortunately,
there is no easy way to compute realizations of X  in general. Therefore, we will use
a dynamical system representing a suitable randomization of the curve of steepest
descent in order to compute realizations of X . For that, we have to introduce n-
dimensional Brownian Motion.
Let

2 :=C°([0,00),R")
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Fig. 3.2 Contour lines of f

Fig. 3.3 Lebesgue density function A

be the set of all continuous functions w : [0, c0) — R” (for ¢ = 0, continuity from
the right). We define a metric dg; on £2 by

o0
r .
do 1 2x2 >R, (0, w)+— Zl 2 min {022’3” w1 (t) — w2 (1), 1
m—
With B(£2), we denote the smallest o-field containing all open subsets of £2 with
respect to the topology defined by the metric dg. Using the Borel o-field B(R")
which is defined by all open subsets of R” in the topology given by the Euclidean
norm, we obtain 5(§2)-B(R")-measurable functions:

B : 2 —>R" o+ w(), te[0,00).
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There is a uniquely defined probability measure W on B(£2) (the so-called
Wiener measure) fulfilling the following conditions, where A/(e, X2') denotes the
n-dimensional Gaussian distribution with expectation e and covariance matrix %
(see, e.g., [KarShr08]):

1) W(w € 2; By(w) =0}) = 1.
(i) Forall0 <ty <t <...<t, k €N, the random variables

Bthfl - Bfo’ cee ’Btk - Btkfl

are stochastically independent.
(iii) For every 0 < s < t, the random variable B, — By is A/(0, (¢ — s)I,,) Gaussian
distributed.

The stochastic process {B; }/c[0,00) is called n-dimensional Brownian Motion.
Based on the Wiener space, we will now investigate a stochastic process {X, };e[0,00)»

X;: 2 —>R" te][0,00),

given by
Xi () =X — / ViX:(@))dt + € (B (@) —Bo(w)). e,
0

where x¢p € R” and € > 0 are fixed. This process can be interpreted as a randomized
curve of steepest descent, where the curve of steepest descent in integral form is
given by

x(1) = xg — / Vfx(r))dt, te€][0,00),
0

as noted above. The balance between steepest descent represented by

1

X — / V /(X (@)d

0

and a purely random search using Gaussian distributed random variables
B/ (w) — Bo(w)

is controlled by the parameter €.

In Sect. 2.1, we investigated the curve of steepest descent under weak assump-
tions on the objective function. In order to analyze the randomized curve of steepest
descent, it is necessary again to formulate weak assumptions on the objective
function:
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Assumption 3.2 There exists a real number € > 0 such that

1 2
XV f(x) >

max{l, |V f(X)|,}

forallx € {z € R"; ||z||, > p} for some p € R, p > 0.

This assumption describes a special behavior of f outside a ball with radius p, for
which only the existence is postulated. Starting at the origin, the objective function
f has to increase sufficiently fast along each straight line outside the mentioned ball.
Therefore, each function f € C*(R",R) fulfilling Assumption 3.2 has at least one
global minimum point x,, within the ball {z € R"; ||z||, < p}. The converse is not
true as the sin-function shows. The fact that only the existence of some possibly
very large p > 0 is postulated ensures the weakness of this assumption.

In the theory of partial differential equations (see, e.g., [RenRog04]), g : R" —
R” is called a coercive function if

x'g(x)
1im =
Ixl,—oo  [IX[|

The following alternative formulation of Assumption 3.2:

There exists a real number € > 0 such that

X'Vfx) _ 1+ne max | L V@I,

Ixl, = 2 Ixll, ™ 11l

forallx € {z € R"; ||z||, > p} forsomep € R, p >0

shows the relation of these two conditions on g and V f'.
If Assumption 3.2 is not fulfilled, one can try to use an auxiliary objective
function f of the following type:

f:R' >R, x»—)f(x)+(P(||x||§—c))m,meN,mEB,cER,C>O,

where
x for x>0

P:R—-R, xr .
0 for x<0O

For f , we obtain:

+ feC*R"R).

+ )= S forallx € fn € B el <.
PS> ) forallx € fa € B el > o]
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The practicability of £ instead of f is shown by

XTV 700 =xTV fx) +2m (P (Ix3 )" Il

In the following theorem, we study properties of the randomized curve of steepest
descent.

Theorem 3.3 Consider
f:R*" >R, neN, feC*R"R)
and let the following Assumption 3.2 be fulfilled:

There exists a real number € > 0 such that

1 + ne?

x'Vf(x) >

max{1, |V f(x)[,}
forallx € {z € R"; ||z||, > p} for some p € R, p > 0,

then we obtain:

(1) Using the Wiener space (§2,B(82), W) and € > 0 from Assumption 3.2, the
integral equation

X(t,w) = Xo—/ ViX(r,w))dt+€ (B (w) —By(w)), t €[0,00), w € 2
0

has a unique solution X : [0, 00) X 2 — R" for each xy € R".
(ii) Foreacht € [0, c0), the mapping

X, : 2 ->R" o X(t o)

is an n-dimensional random variable (therefore, B(§2) — B(R") measurable)
and its probability distribution is given by a Lebesgue density function

p R >R
with
exp (— 2£ g"))

forall xeR".
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The pointwise convergence of the Lebesgue density functions p; to
exp (— —ZC g"))

[ exp (—@) dx
Rn

AriR" =R, x+—

can be interpreted as follows:

The randomized curve of steepest descent can be interpreted as a machine
learning scheme for the computation of pseudorandom vectors according to the
probability distribution given by A ; using evaluations of V f* (or higher derivatives)
and using the computation of standard Gaussian distributed pseudorandom numbers
as inputs. This will be done by the numerical approximation of a path of the
randomized curve of steepest descent.

For lucidity of the proof of Theorem 3.3, we first prove two lemmata.

Lemma 3.4 Let
g:R" > R"
be a globally Lipschitz-continuous function with Lipschitz constant L > 0, and let

B:[0,00) > R"

be a continuous function; then the integral equation

t

x(1) = xo —/g(X(‘L’))d‘C + B(t), te]0,00),

0
has a unique solution
x:[0,00) > R”
for each xy € R".

Proof. Since g is globally Lipschitz-continuous with Lipschitz constant L > 0, we
prove existence and uniqueness of a solution x : [0, 00) — R” of the considered
integral equation using the fixed point theorem of Banach. Let C°([0, T ], R") be
the set of all continuous functionsu : [0, 7] — R”, and

K:C°0.T].R") — C°(0, T].R"),

1

Ku() = xo—/g(u(r))dr +B(t), te<[0,T].
0

Obviously, each solution x7 of

z(t) = Xo —/g(z(r))dr +B(t), te][0,7T]
0
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is a fixed point of K and vice versa. With

d:C°(0,T],R)xC°[0,T].R") - R, (u,v) tg%(??] (la(@)—v(0)[l,e ™2,

(C°([0,T],R"), d) is a complete metric space as mentioned before.
Again, the calculation

IK@) () = KM (@)],e™*" = /(g(V(f)) —gu(0))de| e
0

2

IA

/ I8V () — g dt - 2
0
- / lgv (@) — gu(D) et e d e - e
0
<L / V(D) = u() e 2F oo dr - o2
0

t
< L-d(u, v)/eZert'e_ZL’
0

1
= L-d(u, V)Z (L —1) e

L 1
E _Ld(uv V) = Ed(us V)s 1 e [07 T]
shows that

d(K(u), K(v)) < %d(u, v,

and that the fixed point theorem of Banach is applicable. Consequently, we have
found a unique solution x7 : [0, T ] — R” of

t

z(t) = Xo —/g(z(r))dr +B(t), te][0,T]

0

forall T > 0, and this gives us a unique solution x : [0, 00) — R” of

x(t) = xo — / g(x(7))dt +B(), te€]0,00),
0
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Lemma 3.5 Let f € C?>(R",R) and € > 0 such that Assumption 3.2 is fulfilled,

then
/exp (—2];2)()) dx < oo.

R~

Proof. Foreveryy € R”, |ly|l, # 0, we obtain for y > p

T 2
y y 14 ne
\% (V ) Y >
Iyl Iyl 2

d y 1 + ne?
—f ()’ ) > )
dy lyll, 2y

Integration over [p, ], £ > p, with respect to y, leads to

7 (¢ y)>1+“1(a 1(m+f(””)

vl
- ||§I||12iario{f (pﬁ)} '

Foreveryx € {z € R"; ||z|, > p}, there exists a unique § > p and a unique y € R”
with

and therefore

Let

X=

We obtain:

2 2
F® = ) + e — 2 g

forallx € {z € R"; ||z||, > p}. This inequality is equivalent to

2/ () -
eXP(— - )SCIHX”z <

with

1 + ne? 2c
¢ = exp( = In(p) — 6—2) .
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Integration leads to
2f®)\ 2f®)
exp | — =) X = exp | — ) X
R" {zeR"; |lzll,<p}
2/(x)
+ / exp (— 2 dx
{zeR"; |zl ,>p}

< / exp (— 2];§X) ) dx

{zeR"; ||z[l,<p}

—n—
+ allxll, < dx
{z€R"; |1z]l,>p}

< 0

using n-dimensional polar coordinates for the computation of

=t
calxll, “dx

{z€R"; ||zll,> o}
q.e.d.
Proof of Theorem 3.3. Using
Vi) if x—=xol, =~
g:R" > R", x> ) , r>0,
VI (xo+ FEg) i Ix—xoll, > 7

we consider the integral equation

Z(t,w) = X —/g(Z(r,a)))dr + e (B (w) —Bo(w)), te€[0,00), weL2.
0

Since g is globally Lipschitz-continuous with Lipschitz constant L > 0, and since
each path of a Brownian Motion is continuous, the application of Lemma 3.4 for
each w € 2 shows the existence and uniqueness of a solution

Z:[0,00) x 2 > R"

of the above integral equation.
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Now, we have to consider the connection between the function Z and the integral
equation

X(t, w) :xo—/Vf(X(t,w))dt+e(Bt(w)—Bo(a))), t €[0,00), we L.
0

Therefore, we introduce the functions
s, 1 22— R U {oo},
inf{t > 0; |Z(t, ) = %ol = r} if {1 = 0; |Z(t, @) =Xoll, = 1} # @
o
00 it {1 >0 |Z(tw) —xoll, = 1} = 0
for every r > 0. Using s,, it is obvious that the set of functions

{Z, 1 [0,5,(0)) > R", t > Z(t,0); o€ 2}

defines the unique solution of

X(t,w) = xo—/ Vi X(t,w))dt+€ (B;(w)—Bo(w)), t€][0,s.(w)), e L.
0

Hence, we have to show that

lim s,(w) =00 forallw € £2.
r—>00
For every w € §2, we obtain a monotonically increasing function
Sy 1 [0,00) > R U {o0}, r s ().
Now, we assume the existence of @ € £2 such that
lim s5(r) = lim 5,(®) =5 < c0.
r—00 r—00

In order to lead this assumption to a contradiction, we consider the function

k:(0,5)>R, 1+ % (%IIZ(Z,CD)—6 (B (@) —Bo(@)) +¢ (Bs(aA))—Bo(c?)))llg)-

Choosing 7 € [0, s) such that

e |ZE#, »)|l, > p (pfrom Assumption 3.2),

© |eBy(@) —B,(@)l, < < forall 1€ [i,s),
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we obtain for all 7 € [7,s) with || Z(t, ®)]|, > p

k(1) = — (Z(t,®) + € Bs(@) — B, (&))" VF(Z(t,»))
= —Z(1,0) Vf(Z(1,)) — € (By(@) —B,(@) Vf(Z(1,d))

1 + ne? 1 + ne? R
IV f(Z(t, )|,

= == max{1L IV £ @ )} +
1+ née? . .
=-— (max{2,2||V f(Z(t, ®))|l,} — IV f(Z(t, ®))]],)
1 + ne? R R
=-— max{2 — ||V f(Z(t,®)) |5, |V f(Z(t, ®)) |}
- 1 +4I’l€2 0.

Consequently, for all 7 € [7, s) holds:

21,0}l = (0. &) + € (Bo(®) = B(@)) — € (Bu(&) ~ B (@)
< 12(1.) + € Bi(@) = B@)]; + [l€ (B(6) ~ B (@)
= I2(t.&) = € (B.(@) ~ Bo(@)) + € (B(@) ~ Bo(@))]
+e (B,(@) ~B.(@)]
= 20 &)> + max {]le (B,(@) — Bo(@)) — € (B,(@) —~ Bo(@) 1.}

+1+ne2
R

This is a contradiction to
lim ”Z(Sr (CA’))v C'A)) - X0||2 o0
r—>00

and the proof of the first part of the theorem is finished.
Now, we choose 7 € (0,00),m € N,andt; := jL, j=0,...m.
Since
X, : 2 >R o~X(W)

is the limit of a fixed point iteration

X, () = lim X ()
with
e XV 2 S5 R", wxp,

e XF:2 SR, o |—>x0—ftVf (X N(w)) dT + € (B, (w) — Bo(w)),
0
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and since
[ v X @)= fim Y VS (X7 @) @ -1y
0 j=1

each function X; is B(£2) — B(R") measurable. Existence and properties of the
Lebesgue density functions p; are proven by Lemma 3.5 in combination with the
analysis of the Cauchy problem for parabolic equations (see, e.g. [Fried06], Chap. 6,
Sect. 4). q.e.d.

From Theorem 3.3, we know that choosing any starting point X, € R", the
numerical computation of a path

X; :[0,00) = R", > X;(®)

with
X (@) = X0 — / Vf(X:(w))dt + € (B, (@) —Bo(@)), 1€[0,00)
0

leads to a realization of X s with Lebesgue density function

exp (— —Z-Z g") )

Ar:R" >R, x+— , .
fexp(—@)dx
R?

Furthermore, we obtain from the stability theory of stochastic differential equations
(see [Has80], Chap. 3, Theorem 7.1):

Theorem 3.6 Let
f:R'">R, neN, feC*R"R),
and let Assumption 3.2 be fulfilled. Choose any r > 0 and let X, be any global

minimum point of f. Using

e The Wiener space (£2,13(82), W),
* Anye > 0 from Assumption 3.2,
e The integral equation

X(t,w) = xo—/ Vi X(t,w))dt+€ (B;(w)—Bp(w)), te€[0,00), weSNR
0

with unique solution X according to Theorem 3.3,
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e The stopping time

st 2 —R U {0},
inf{r = 0 |X(t.0)—x,, <7} if {t=0;[|X(t,0)—X,[l, <r} #0

w =

00 if {t =0 IX(t, 0)—x,ll, < r} =0
we obtain the following results:

1) W({w € £2; st(w) < oo}) = 1.
(ii) For the expectation of st holds

E(st) < oo.

Theorem 3.6 shows that almost all paths of the stochastic process {X};e[0.00)
generated by

X, () = Xo — / V(X (@)dT + € (B, (®) —Bo(w)), €[0,00), weR
0

approximate each global minimum point of f with arbitrary accuracy in finite time.

3.2 Concepts of Numerical Analysis

As pointed out above, the solution of

1

X (@) = Xo — / Vf(X:(@))dt + € (B; (&) — Bo(d))

0

can be interpreted as a path of a randomized curve of steepest descent, where the
curve of steepest descent in integral form is given by

t

x(t) = xo—/Vf(x(t))dt, t €0, 00).

0

The balance between steepest descent represented by

1

X — / V /(X (@))d

0



3.2 Concepts of Numerical Analysis 35

and a purely random search using Gaussian distributed random variables
represented by

B; (@) — Bo(®)

is controlled by the parameter €.

The optimal choice of € > 0 (such that Assumption 3.2 is fulfilled) depends
on the scaling of the objective function and has to be guided by the following
considerations:

e If a long time is spent on the chosen path close to (local) minimum points of the
objective function, then local minimization dominates and € has to be increased.

e If minimum points of the objective function play no significant role along the
path, then purely random search dominates and € has to be decreased.

One can try to replace the parameter € with a function
€:[0,00) > R, t>€(t)

such that

1. €(t) >0 forallz >0,
2. lim €(¢) =0,
—>00

hoping that the Lebesgue density function

exp (— —2{ g"))
[ exp (—@) dx
RH

will converge pointwise to the point measure on all global minimum points (cooling
strategy). But this strategy will only work if

A R" >R, x+—

* ¢€(0) > C, where C is a constant depending on f.
. tl_i)m e2(t)In(r) > 0.
o0

If one of these conditions is not fulfilled, we find only local minimum points in
general (as shown in [GemHwa860]).

Since almost all paths of the stochastic process {X;}/ec[0,00) are continuous but
nowhere differentiable, classical strategies of step size control in numerical analysis
are not applicable. Therefore, a step size control based on following principle is
used:

Using a computed approximation x,,,(Z, @) of a path at 7, an approximation
X,,(f + h,®) is computed twice, in one step with step size 4 and in two steps
with step sizes ’% If both approximations are close enough to each other, the step is
accepted; otherwise, the approach must be repeated with % instead of &. This step
size control is based on the assumption that the exact solution is sufficiently close
to the computed approximations, if these approximations are close enough to each
other.
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3.3 A Semi-implicit Euler Method

In this section, we investigate a semi-implicit Euler method for the numerical
solution of

t

X (@) =% — / V(X (@))dt + € (B,(@) —Bo(d)), 1 €[0,00).
0

The implicit Euler method based on an approximation x,,(7, @) of X;(®) leads to a
system

Koo @+ 1,@) = Xy (1. @) = Y f (X, ([ + 1, D)) + € (Br1,(®) — Br(@))
or equivalently
X (T + 1, D) — X, (1, D) + IV f (X, (f + 1, D)) — € (Bry, (@) — By (@) = 0
of nonlinear equations in general. We consider the linearization of
F:R" > R", zt>z—x,>00)+hVf(z)—e®Bi,(®)—Bid)),
at x,,,(f, ®), which is given by
LF:R" - R",
2> hV f(x,,(f,®)) + (In + hV2 f(x,, (1, (T)))) (Z — X, (7, D))
—€ (Bi1; (@) — Bi(@)) .
Solving LF = 0 instead of F = 0 leads to

X (& + 1, D) = X, (1, D)

-1
(G VD) (TG0 - Braa@) - Bi(@)

for small enough & > 0 (at least such that (+I, + V? f(x,,(7,®))) is positive
definite).

Since (Biy, — By) is a (0, h1,) Gaussian distributed random variable, the
numerical evaluation of + (By;(®) — B7(®)) can be done by algorithmic gener-
ation of n stochastically independent NV (0, 1) Gaussian distributed pseudorandom

numbers py,. .., p, € R. Hence, the vector + (B;;,(®) — B7(®)) can be realized by
P1
€ - - €
7 By (@) —Bi (@) = T

Pn
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Assume that we have computed x,,,(/2, @) by a step with fixed step size h based on
the starting point xo € R” as described above:

D1
€

v

-1
o (. &) = X0 — (%I + vzf(xO)) V fixo) —

Pn

Prima facie, the choice of @ € 2 is left to the computer by computing
P1s-.., pn € R.Butlet us consider the set

2 :={w € 2; X)(w) = Xp(@)}.

Apparently, the vector x,,,(/, @) is not only an approximation of X;,(®) but also of
X (w) for all w € £2;. Consequently, the computation of py,..., p, € R does not
cause a determination of @ € §2 but only a reduction of 2 to §2;,.

Assume that we would like to compute x,,,(2/, @) by a step with fixed step size &
based on the point x,,,(/, @). Therefore, we have to compute again n stochastically
independent A/ (0, 1) Gaussian distributed pseudorandom numbers ¢y, ...,q, € R
and

Xapp(zhv (D) = Xapp(hs (Z))

q1
€

-1
- (%In + sz(xapp(h,c?)))) V f (X (h. @) — 7

qn

Since the random variables (B,, —By,) and (B, —By) are stochastically independent,
itis allowed to compute gy, . . . , ¢, independentof pi, ..., p,. The vector x,,,(2h, @)
is a numerical approximation of Xy, () for all w € §2,, with

2oy = {w € 2; Xp(w) = Xp(®) and Xy (w) = Xop(@)}.

Since the function
X;(®) : [0,00) —> R"

is continuous but nowhere differentiable for almost all ® € §2, classical strategies
of step size control in numerical analysis are not applicable. Therefore, we present
a step size control based on the principle introduced in the last section. Beginning
with a starting value #,,,, for & such that

( L+ V£, ca)))
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is positive definite, we compute

~ - hmax - hmax ~ z ~
i+ =) =% |1+ 70 = Xy (1, @)

-1 P1
1 - - €
_ (EI" + VZf(xapp(t, a)))) V(X (t, @) — - : ,
2 - Pn
~1 /7 h . 1 - h ~\ = - hmax
X (Z + max) T Xapp (Z + max % (U) =X t + 2
—1 q1
1 _ h _ h €
_ I vz ~ [ max V ~ [ max _ : ,
(Lo () (5=
2 2 \ g,
and
iz (t_ + hmax) := Xip (t_ + hmax? 03) = Xdpp(f’ (13)
. 4 Pt aq
- ( L vy <z‘>>) VS () — —— -]
max pn + qn

The vectors X' (f + h,,,.) and X* (f + h,,,.) represent two numerical approximations
_ ~ : : 3l (7 : Bmax

of X7yp,..(@). The approximation X' (7 + h,,) is computed by two =2* steps
based on x,,,(f, @) and using the random numbers py, ..., p, for the first step and
q1,-..,q, for the second step.

The approximation X* (f + h.,,,,) is computed by one %, step based on X (F, D)
and using the random numbers py, ..., p, and qi, ..., q,. This is necessary because
we have to compute different approximations of the same path. Chosen any § > 0,

we accept X' (f + h,,,) as a numerical approximation of Xz, By (@) 1f

" (7 + o) = X2 (F 4 hw) |5 < 8.

Otherwise, we have to repeat the step size procedure with 7 = hLZ“X (Fig.3.4).
The following algorithm describes a semi-implicit Euler method for the compu-
tation of

Xo(@) 1 [0,00) = R", 1> X,(&).
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Fig. 3.4 Step size control

Step 0: (Initialization)
Choose xp € R" and €¢,6 > 0,
Choose maxit € N,
j =0,
goto step 1.

In step 0, the starting point Xy, the parameter € according to
assumption 3.2, the parameter § > 0 according to the step size
control, and the maximal number of iterations have to be

determined by the user.
Step 1: (Derivatives)
h:=1,

compute V f(x;), V2 f(x;),
goto step 2.

The initial value h,.,, of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)

Compute 2n stochastically independent A/(0, 1) Gaussian distributed
pseudorandom numbers py,... py,q1,-..,qn € R,
goto step 3.

In this step, the choice of the path is determined successively

by the computer.

Step 3: (Cholesky Decomposition)
If (%In +V2f (xj)) € R™" is positive definite,
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then
compute L € R"" such that:
LL" = (I, + V2f (x;)) (Cholesky),
goto step 4.

else

.y
ho=1,

goto step 3.

Step 4: (Computation of x% 11 by one step with step size /)
Compute x? 41 by solving

P+ q

T2 _ € .

LL'XG,, = | Vf (%) - 75 : :

Pn + qn
Xi =X =X,
goto step 5.

x§+1 is computed by a step with starting point x; using the step

size h.
Step 5: (Cholesky Decomposition)

Compute L € R™" such that:
LLT = (7L, + V2/ (x;)),
goto step 6.

The matrix (%Ll+-sz(xﬂ) is obviously positive definite.

Step 6: (Computation of x i )

Compute x i by solving

(S

Pn
Xp 1= X; — Xy,
2

goto step 7.
X is computed by a step with starting point Xx; using the step

: h
size 3.

Step 7: (Derivatives)
Compute V f(xy), sz(x%),
goto step 8.

Step 8: (Cholesky Decomposition)

I (31, + V2 (x4 )) € R* is positive definite,
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then
compute L € R"" such that:

LLT = (%In LA (X%)) (Cholesky),
goto step 9.
else
e
h:=3,
goto step 3.

Step 9: (Computation of x} 41 by two steps with step size %)
Compute x| | by solving
q1
LLx!,, = Vf(Xg)—\/Lg i
4n
Xjpp = Xs —Xj 41>

goto step 10.

X}_H is computed by a step with starting point Xy using the step

. h
slze 7

Step 10: (Acceptance condition)
If ||X}+1 —X§+1||2 < 4,

then
Xj+1 = X}H,
print (j + 1.X; 41, f (Xj41)).
goto step 11.

else

o

h:=3,
goto step 3.

Step 11: (Termination condition)
If j + 1 < maxit,
then
Ji=J+1
goto step 1.
else
STOP.
The point
X, € {X0, X1, -+ » Xpauit}
with the smallest function value is chosen as a starting point for a local minimization

procedure.
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Fig. 3.5 Path of the randomized curve of steepest descent and contour lines, Problem 1, € = 1,
1,500 points

Now, we apply this algorithm to eight global minimization problems. The first
problem serves as an example for the visualization of the numerical results.

Problem 1. n = 2 (Example 3.1)

globmin { f : R* > R, x > 6x] + 6x; — cos 12x; — cos 12x; + 2},
X

This problem has 25 isolated minimum points within the box [—1, 1] x [—1, 1] with
six different function values. Starting at (—1, 1) (very close to a local minimum
point with the largest function value), Figs. 3.5-3.7 show a typical behavior of a
path of the randomized curve of steepest descent (numerically approximated using
the semi-implicit Euler method) in combination with

e Contour lines of the objective function
e Graph of the objective function
e Graph of the appropriate Lebesgue density function

Figure 3.8 shows a path with an € too large.

This looks like purely random search using Gaussian distributed pseudorandom
vectors without minimization part.

Now, we consider an € too small (Figs. 3.9 and 3.10).

Figures 3.8, 3.9, and 3.10 show the importance of the possibility to match the
free parameter € to the global minimization problem.
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Fig. 3.8 Path of the randomized curve of steepest descent and contour lines, Problem 1, € = 5,
1,500 points
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Fig. 3.9 Path of the randomized curve of steepest descent and contour lines, Problem 1, € = 0.3,
1,500 points
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Fig. 3.10 Path of the randomized curve of steepest descent and objective function, Problem 1,
€ = 0.3, 1,500 points

Problem 2. n = 90
90

fiRY SR x> 9.5x7 —cos(19x1) + 792 (3x; + sin’(x;-1))’
i=3

+ \/3 + 12x2 — 2 cos(12x2) — 12x3 cos(12x2) + 36x5 — sin®(12x,)

This objective function has 35 isolated minimum points with function values less
than 17. The unique global minimum point is given by x, = 0 with f(x,) = 0.

e=5 §6§=0.1.
Chosen number of iterations: maxit = 500.
X is chosen as a local minimum point with the largest function value.

x, denotes the computed starting point for local minimization.

Results: f(x,) = 0.1.

Number of gradient evaluations: 1,246.
Number of Hessian evaluations: 1,246.

Local minimization leads to the global minimum point.
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Problem 3. n = 100

97
[R5 R x> 6xfy — cos(12x100) + 980 Y (x; — x7y,)’

i=1

+ 15x39 — 2.5cos(12x99) 4 18x%; — 3 cos(12x9g) + 6.5

This objective function has 125 isolated minimum points with function values less
than 21. The unique global minimum point is given by x, = 0 with f(x,) = 0.

e=35§=0.L
Chosen number of iterations: maxit = 3,000.
X is chosen as a local minimum point with the largest function value.

x, denotes the computed starting point for local minimization.
Results: f(x,) = 0.27.
Number of gradient evaluations: 6,160.

Number of Hessian evaluations: 6,160.

Local minimization leads to the global minimum point.

Now, we consider test problems from linear complementarity theory (see
[Cottle.etal92]), which plays a very important role in game theory (computation
of Nash equilibrium points (cf. [Owen68] and [Schifer08])), and free boundary
value problems (see [Crank84] and [Has.etal05]):

Given ¢ € R” and C € R"", find any x € R” such that:

(c+Cx)'x=0

x;i >0 i

|
—_
=

(LCP)
(c+Cx); >0 i=1,...,n.
Using

x for x>0

P :R—>R, ,
- XH{O for x <0

the first idea to solve (LCP) may consist in the investigation of unconstrained global
optimization problems of the following type:

globmin
X

Tx+xTCx+ (Z (P=x)* + D (P(—(e + m»“)} ,

i=1 i=1
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Fig. 3.11 Contour lines of f', LCP with two solutions, n = 2

where ;> 0. Unfortunately, the objective function

n

g:R" >R, xre'x+x Cx+p (Z (P(=x)* + ) (P(—(c+ Cx)i))4)

i=1 i=1
is not bounded from below in general. Therefore, we use the following objective
function (again with o > 0):
f:R" >R,

x> /14 (€Tx+xTCx) 1+ (Z (P(=x)*+) (P(—(c+0x),-))4) :
i=l1

i=1
with

e f(x)>0 forallx € R".
e x* solves (LCP) iff f(x*) = 0.

Example 3.7. We consider two examples with n = 2 visualized in Figs. 3.11-3.14:

The method of Best and Ritter [BesRit88] is chosen as a local minimization
procedure of the quadratic problem

locmin{ch+xTCx; x>0 i=1,...,n
X

(e+Cx); =0 i=1,....n}
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4 4

Fig. 3.14 Objective function f, LCP with no solution, n = 2

The following numerical results can be found in [Schd95] (with p = 1,000).

Problem4. n = 30
x}, > 0is chosen randomly, k = 1,...,15.

X =0k=1...15

C € R3*3% is computed by pseudorandom numbers.

e = —(Cx*)op, bk =1,...,15.

¢ox— is chosen randomly such that ¢y > —(Cx*)op—1, k = 1,...,15.

X is chosen far away from x*, f(xo) = 2.8 - 10'°,

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.

Results: f(x,) = 20.7, f(x,) = 6.7-107°.

49
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Problem 5. n = 40

X}, > 0is chosen randomly, k = 1,...,20.

Xy, =0,k=1,...,20.

C € R*%0 js computed by pseudorandom numbers.

e = —(Cx™)x, k =1,...,20.

¢ox— is chosen randomly such that ¢y > —(Cx*)or—1, k = 1,...,20.

X is chosen far away from x*, f(xo) = 2.6 - 10'°.

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.
Results: f(x,) = 31.6, f(x,) = 4.7-107>.
Problem 6. n = 50

;‘k > 0 is chosen randomly, k = 1, ..., 25.

X
X =0k =125

C € R is computed by pseudorandom numbers.
e = —(Cx*)x, k =1,...,25.

C2k—1 is chosen randomly such that ¢p5—; > —(Cx™)y—1, k = 1,...,25.

Xo is chosen far away from x*, f(xo) = 2.3 -10'°.

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.
Results: f(x,) = 40.8, f(x,) = 8.9-107°.
Problem 7. n = 60

X}, > 0is chosen randomly, k = 1,...,30.
Xy, =0,k=1,...,30.

C € R% js computed by pseudorandom numbers.
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Cyp = —(CX*)zk,k = 1,... ,30.

Cok—1 is chosen randomly such that ¢pp—; > —(Cx*)y—1, k = 1,...

X is chosen far away from x*, f(xo) = 3.8 -10'°.

Chosen number of iterations: maxit = 1,000.
x, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.
Results: f(x,) = 54.2, f(x,) =2.7-107°.
Problem 8. n =70

X}, > 0is chosen randomly, k = 1,...,35.
X =0.k=1.....35,
C € R770 is computed by pseudorandom numbers.

Cyp = —(CX*)zk,k = 1,... ,35.

Cok—1 is chosen randomly such that ¢pr—; > —(Cx*)y—1, k = 1,...

Xo is chosen far away from x*, f(xo) = 4.0-10'°.

Chosen number of iterations: maxit = 1,000.
X, denotes the computed starting point for local minimization.

X, denotes the computed global minimum point.

Results: f(x,) = 66.4, f(x,) = 1.2-107°.

51

,30.

,35.

A collection of linear complementarity problems discussed in the literature is
published in the Handbook of Test Problems in Local and Global Optimization
([Flo.etal99], Chap. 10). The maximal dimension of these problems is n = 16.

It is important to see that the efficiency of the semi-implicit Euler method apparently
does not depend on the dimension of the problem. This is a very atypical property

of a global optimization procedure.

On the other hand, the proposed approach may not work for unconstrained
global minimization problems with a huge number of local minimum points as the

following example shows.
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Example 3.8. Considering

n
g R'">R, x> 2:(4x,-2 —cos(8x;) + 1),
i=1

Assumption 3.2 is fulfilled for all ¢ > 0 and we know that each function g, has
3" isolated minimum points and a unique global minimum point at x = 0 (cf.
Example 1.1).

The region of attraction to the unique global minimum point is approximately
given by [—0.4,0.4]".

Choosing € = +/2 and using the probability distribution given by the Lebesgue
density function

exp (—gn(x))

Ao T exp (—gn () dx°
R”

‘R" >R, X+

n

the probability for the region of attraction of the global minimum point is

[ exp(—g.(x)dx
0404y

Pon = T exp (—ga (%)) dx
Ri’l

~ 0.8".

This probability decreases exponentially with the exponential growth of the number
of isolated local minimum points.

3.4 An Euler Method with Gradient Approximations

In this section, we investigate an Euler method for the numerical solution of

t

X (@) = X0 — / ViX(@))dt + € (B,(@) —Bo(?)), 1 €[0,00).
0

This Euler method is based on an approximation x,,,(f, @) of X7(®) and is given by
Xep(l + 1, &) =X, (1, &) = hV [ (X, (1, @) + € B74, (@) — B (@)
approximating the gradient by centered differences

Sx(.0)1+yX(1.0)2... X(0,0)n) = f(X(L.0)1 =y X(1.8)2.... X(£.D)n)
2y

Df(x(t,®)) =

2y

We arrive at the following algorithm, which uses only function values.
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Step 0: (Initialization)
Choose xp € R" and €,6,y > 0,
Choose maxit € N,
j =0,
goto step 1.

In step 0, the starting point Xy, the parameter € according to
Assumption 3.2, the parameter § > 0 according to the step size
control, the parameter y > 0 according to the approximation of the
gradient information, and the maximal number of iterations have

to be determined by the user.

Step 1: (Gradient Approximation)
h=1,
compute D f(x;)
goto step 2.

The initial value h,., of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)

Compute 2n stochastically independent A/(0, 1) Gaussian distributed
pseudorandom numbers pi, ... Pn,q1,.-.,qn € R,
goto step 3.

In this step, the choice of the path is determined successively
by the computer.

Step 3: (Computation of x? +1 by one step with step size /)
P1+qi
X;_H =x; —hD f(x;) + e\/g
DPn t qn
goto step 4.

X§+1 is computed by a step with starting point X; using the step
size h.

Step 4: (Computation of X )
P1
X =X — D f(x)) —i—e\/z
5 i T2 J 2

Pn
goto step 5.
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X is computed by a step with starting point Xx; using the step

. h
slze 7

Step 5: (Gradient Approximation)
compute D f(x i )
goto step 6.

Step 6: (Computation of x} 41 by two steps with step size %)

q1
Xi4 = X — %Df(x%) +6\/§

qn
goto step 7.

X}_H is computed by a step with starting point Xy using the step

: h
size 3.

Step 7: (Acceptance condition)

If ||X}+1 —X§+1||2 < 4,
then
Xj+1 = X}H,
print (j + 1X; 41, f (X;41)),
goto step 8.
else
—
h:=3,
goto step 3.

Step 7: (Termination condition)
If j + 1 < maxit,
then
Ji=J+1
goto step 1.
else
STOP.

The point
X, € X0, X1, .+ + » Xonarit)

with the smallest function value is chosen as a starting point for a local minimization
procedure. The following numerical results are summarized in [Bar97].
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Problem 9. n = 80

79
iR 5 R, x> 24 12x2, — 2 cos(12xg) +720 Z(x,- —sin(cos(x;41)—1))%

i=1

This objective function has five isolated minimum points with function values less
than 16. The unique global minimum point is given by x, = 0 with f(x,) = 0.

e=05 §8§=05y=10"°

Chosen number of iterations: maxit = 300.

xo = (10,...,10)7, f(xo) = 1.1-10%

X, denotes the computed starting point for local minimization.
Results: f(x,) = 3.8565, 122 — 0.024.

Number of function evaluations: 144,781.

Local minimization leads to the global minimum point.

Problem 10. n = 70

70
f:R” >R, x~ IOOOZ(x,- —In(x2, +1)* =1+
i=2

+ \/3 + 19x7 — 2 cos(19x1) — 19x7 cos(19x;) + 90.25x] — sin?(19x;)

This objective function has 7 isolated minimum points with function values less than
12. The unique global minimum point is given by x, = 0 with f(x,) = 0.

e=35 §8=10, y=10"°

Chosen number of iterations: maxit = 1,000.

xo = (10,...,10)T, f(x0) =2 10°.

x, denotes the computed starting point for local minimization.
Results: f(x,) = 302.7, I2l2 — 0.00811.

Number of function evaluations: 422,681.

Local minimization leads to the global minimum point.



Chapter 4
Application: Optimal Decoding
in Communications Engineering

4.1 Channel Coding

In digital communications, the transmission of information is technically realized by
the transmission of vectors u € {4-1}¥ of information bits. Since such a transmission
is physically disturbed by noise, one has to ensure that the probability of receiving
a wrong value for u;, i = 1,...,k, is as small as possible. This can be achieved by
the addition of n — k redundant bits to u € {1}, Therefore, we transmit a vector
ceC C {1} with¢; = u;,i = 1,...,k, where C denotes the set of all code
words. For the choice of the additional n — k components, the algebraic structure of
{£1} given by the two commutative operations & and © with

16 —1=+1

+1@ +1=+1

+1d —-1= -1

10 —-1=-1

+10 —1=+1

+1 0 +1=+1
is used. Foreachi € {k + 1,...,n},aset J; € {l,...,k} is chosen and ¢; is
computed by

ciz@uj, i=k+1,...,n.
JEJi

The optimal choice of the number (7 — k) and of the sets Jy41,...,J, S {l,...,k}

is the purpose of channel coding (see, e.g., [vanLint98]). Let us consider a Hamming
code withk = 4,n =7, Js = {2,3,4}, Jo = {1,3,4}, and J; = {1,2,4}, for
instance. The information bit u; can be found triply in a code word ¢ € C:

(i) Directly in ¢; = uy
(ii) Indirectly in ¢ = u; @ usz @ uq
(iii) Indirectly in c7 = u; @ ur @ ua

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 57
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1_4,
© Springer Science+Business Media New York 2012



58 4 Application: Optimal Decoding in Communications Engineering

The information bit u, can be found triply in a code word ¢ € C:

(i) Directly in ¢y = up
(ii) Indirectly in cs = up B u3 @ uq
(iii) Indirectly inc7 = u; @ uy @ uy

The information bit u3 can be found triply in a code word ¢ € C:

(i) Directly in ¢3 = u3
(ii) Indirectly in ¢5 = up @ usz @ uq
(iii) Indirectly in ¢ = u; @ u3 @ uq

Finally, the information bit u4 can be found four times in a code word ¢ € C:

(i) Directly in ¢4 = uy,

(ii) Indirectly in ¢5 = uy @ usz @ uq
(iii) Indirectly in cg = u; @ u3 @ ua
(iv) Indirectly inc7 = u; @ us @ ua

This Hamming code consists of the following |C| = 16 code words:

Fl4 14141414141 +141+1—1—-1-1—1
Fl4+1—1+1—=1—=1+41 +141-1—1]4+1+1—-1
Fl—14+1+1=141-1 +1—-1+1—1]4+1-1+1
Fl—1—=1+1+1=1—-1 +1—-1—-1—1|—141+1
A1+ 141 +1-1-1 —1+14+1—-1]-14+1+1
A l—14+1=1+1—-1 —1+1—-1—=1]+1=1+1
=1+ 14+1—-1-14+1 —1-14+1-1]+14+1-1
—l—1—141 414141 —1-1—-1-1-1-1-1

A measure of the difference between two code words is the number of positions in
which they differ. This measure is called

Hamming distance d : {£1}" x {£1}" — {0,...,n}.
The minimum distance d,,;, of a code is given by

dun = min  {d(c;,¢;)}.

¢i.c;€C, ¢ #c;

The minimum distance of our Hamming code is d,;, = 3. Therefore, if there occurs
only one error during the transmission of a code word ¢ € C, this error can be
corrected. In general, with the largest natural number L such that
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L errors in a code word can be corrected.

4.2 Decoding

The transmission of a binary vector ¢ € C leads to a received vector y € R" caused
by random noise. Depending on the stochastical properties of random noise, the
problem consists in the reconstruction of the first k bits of ¢ using the fact that the
information contained in these first k bits is redundantly contained in the last n — k
bits of ¢ also. There is a widely used channel model in digital communications,
which is called AWGN model (Additive White Gaussian Noise), and which is given
as follows (see [Proa95]).

The received vector y € R” is a realization of an n-dimensional Gaussian
distributed random variable Y with expectation

E(Y)=c
and covariance matrix
n
Cov(Y) = —1
ovY) = S R

based on a probability space (§2, S, P). The positive constant SNR (signal to noise
ratio) represents the ratio between transmission energy for a single information bit
and noise energy and is a measure for transmission costs. From source coding, we
know that we can interpret u € {#1}F as a realization of a random vector

U: 2 — {+1}F
such that
e The component random variables Uy, .. ., Uy are stochastically independent.
« Plo € 2;Ui(w) = +1}) = P(w € 2;U;j(w) = —1}) = 4 for all
i=1,....k

It is not enough to reconstruct the values of u € {:tl}k ; furthermore, one is
interested in a quantification of the quality of the decision, which can be done in
the following way. Consider

=1,...,k

L) =In (P({w € 2; Ui(w) = +1|Y(0) = y})) ’

P({w € £2: Ui(w) = —1|Y(®) = y})
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Of course,

L(i) > 0 leads to the decision u; = +1,
L(i) <0 leads to the decision u; = —1,
L(i) =0 no decision possible,
where the quality of the descision is measured by |L(i)|. A mathematical analysis
of the problem of the numerical computation of
L(1)
X = :

L(k)

is done in [Schd97] and [Stu03]. It is shown that the computation of x leads to an
unconstrained global minimization problem with objective function

k 2
4k - SNR
f:RkﬁR, XHZ(xi—Tyi)

i=1

(x,)=1 2
1+ [] S5
! | jey, P 4k - SNR
+ Z n 1 exp(x;)—1 o n Yi
i=k+1 N jle_[J_ exp(xj)+1

The objective function f is infinitely continuously differentiable, and Assumption
3.2 is fulfilled. For the following numerical analysis, we consider a widely used
class of codes, namely, the BCH(n,k) (Bose—Chaudhuri-Hocquenghem) codes (see
[Proa95]). The informationu € {=1}¥ is chosen randomly. The transmission is sim-
ulated by Gaussian pseudorandom numbers (with predetermined SNR, measured in
[dB]). We compare two decoding methods:

1. BM method: The first step consists in rounding the received vector
y € R":
>0 — ¢=+41, i=1,...,n
yvi<0 = ¢=-1, i=1,...,n

yi =0 — randomized decision.

In the second step, a code word ¢ € C of the used BCH(n,k) code with Hamming

distance i |
d E, ¢) < min
€0 == —
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is searched. If this code word exists, it is unique, and cy, ..., cx represents the
result of decoding. If this code word does not exist, no decision is made. The BM
method is still the standard technique used for this class of problems.

2. Global optimization: Application of the methods of Chap. 3 for the numerical so-
lution of the unconstrained global minimization problem with objective function
f : R¥ — R yields a global minimum point x,:

X, >0 = w=+1, i=1,...,k
X, <0 = wu=-1, i=1...k

X,; =0 == randomized decision.

The SNR was kept fixed until at least 100 decoding errors occurred. The ratio

P - number of decoding errors
b =

number of transmitted information bits

versus SNR is shown in the following figures.

The global minimization approach is the best decoding method for BCH codes
up to now. Figures 4.1-4.6 show that using global optimization, we obtain the
same transmission quality (measured in P) at a lower SNR in comparison to the
BM method. Note that a reduction of SNR by 1dB means a reduction of 20%
of transmission costs, a reduction of 2dB of SNR means a reduction of 37% of
transmission costs, and a reduction of 3dB of SNR means a reduction of 50%
of transmission costs. On the other hand, for fixed SNR, the global optimization
method leads to a dramatic improvement of the transmission quality in comparison
with the BM method. These effects are caused by the loss of information induced
by rounding of the received vector y € R” in the BM method.

The concatenation of codes is a widely used approach in source coding. In a first
step, ki information bits wy, ... wg, € {1} are encoded in a code word u € {£1}F,
k > ki (k — k; redundant bits). In a second step, k bits uy,...ur € {1} are
encoded in a code word ¢ € {£1}", n > k (n — k redundant bits). Decoding the
concatenation of codes via global optimization can be done in two steps:

1. Decoding of the second code: Using the received vector y € R”, find a global
minimum point X, of the objective function

k 2
4k - SNR
f RF >R, XHZ(x,-——yi)
i=l1 n
1+ l—[ exp(x;)—1 2
<af jen SPETHL 4k SNR
+ Z n 1— l_[ exp(x;)—1 - n i
i=k+1 exp(x;)+1

JE€Ji
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B,
1
O BM method
® global optim.
107!
¢
1072 &
1073 R
10~4 \ D
1073
SNR
3dB 4dB 5dB 6dB 7dB

Fig. 4.1 Numerical results: BCH(31,21) code, x € R?!

2. Interpreting the vector x,, as a received vector after the first decoding step, the
global minimum point z,, € R¥1 of the objective function

FRY SR 2e (o -, )

i=l1

exp(z;)—1 2
1+ l_[* exp(z;)+l
! j€J; _ 4k - SNRZ( )
+ Z n 1 exp(z;)—1 Xe1)i
ikt - g )T
A

is the result of decoding the first code and therefore the overall result of the
decoding. The transmission of code word ¢ € R" with signal to noise ratio SNR
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P,

O BM method

® global optim.
10!

Fat

"~

102

1073 %

Lot \

1077

SNR
3dB 4dB 5dB 6dB 7dB

Fig. 4.2 Numerical results: BCH(63,45) code, x € R%

leads to a theoretical SNR; implicitly given by the empirical variance of x,,. The
larger SNR;, as compared to SNR, the better the first decoding step makes use
of the information on bits uy, ..., u; indirectly given in c¢x+1,...,c,. Figures
4.7-4.12 show a comparison of SNR and SNR; under the assumption that

k

ki ]f
n

for the computed six examples.
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O BM method

® global optim.

]
/

102 \
10-3 \

\

1% SNR
3dB 4dB 5dB 6dB 7dB

Fig. 4.3 Numerical results: BCH(127,99) code, x € R%
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P,

O BM method

® global optim.
10t

102 k\\\

10-? R

10-° D

I SNR
3dB 4dB 5dB 6dB 7dB

Fig. 4.4 Numerical results: BCH(255,191) code, x € R!’!
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P,
1
O BM method
® global optim.
107! &
1072 &

1073 \

10~4

10-°

SNR
3dB 4dB 5dB 6dB 7dB

Fig. 4.5 Numerical results: BCH(31,16) code, x € R!®
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B,

O BM method

® global optim.

H
3

L
f

1074 %

107>

SNR
3dB 4dB 5dB 6dB 7dB

Fig. 4.6 Numerical results: BCH(63,30) code, x € R
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SNR,

6dB

Vel

/ i
3dB

2dB /
1dB /

0dB & SNR
0dB 1dB 2dB 3dB 4dB

Fig. 4.7 BCH(31,21) code
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SNR,

6dB

5dB

4dB

3dB

2dB

1dB /

0dB €

0dB

Fig. 4.8 BCH(63,45) code
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SNR,

6dB

Vs

4dB 4

3dB /

2dB

1dB

0dB - SNR
0dB 1dB 2dB 3dB 4dB

Fig. 4.9 BCH(127,99) code
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SNR,

6dB

5dB

4dB

3dB

2dB

1dB
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0dB 1dB

Fig. 4.10 BCH(255,191) code
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SNR,

D
6dB /

5dB

¥

3dB ‘/
2dB /

/l

0dB @ SNR
0dB 1dB 2dB 3dB 4dB

Fig. 4.11 BCH(31,16) code
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Fig. 4.12 BCH(63,30) code
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Chapter 5
Constrained Global Optimization

5.1 Introduction

Now, we investigate constrained global minimization problems given as follows:

globmin{ f(x); h;(x) =0, i=1,....m

hi(x) <0, i=m+1,....,m+k},
fihi i R" >R, n€N, mkeN,
fihi € CX(R"R), i=1,....m+k.

We have to compute a point

X, € R:i={xeR" hi(x)=0, i
hi(x) <0, i

I
3

Il
3
4
3
+
z

such that

f(x) > f(x,) forallx € R, where R # {J is assumed.

Again, it is not reasonable to develop methods for solving constrained global
minimization problems neglecting the existence of powerful methods solving
constrained local minimization problems. Therefore, we are only interested in
computing a suitable starting point close enough to a global minimum point in order
to apply a local minimizing procedure. A constrained local optimization problem is
given by

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 75
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1_5,
© Springer Science+Business Media New York 2012
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locmin{ f(x); h;(x) =0, i=1,..., m

hi(x) <0, i=m+1,..., m+k},
fihi :R" - R, ne€N, mkeN,
fhi € C2((R",R), i=1,..., m+k,

i.e., one has to compute a point x,,. € R such that
) = f(x,) forallx € RN UK,

where U(x,.) € R" is an open neighborhood of x,,.. Now, we consider the Karush—
Kuhn—-Tucker conditions for constrained minimization problems (see [Lue84]).

Karush-Kuhn-Tucker Conditions: Let x* € R” be a solution of
locmin{ f(x); h;(x) =0, i=1,...,m
X
hi(x) <0, i=m+1,...,m+k},

andlet Jyx = {ji,...j,} S {m+1,....,m + k} be the set of indices j for
which

hi(x*) = 0.

Assume that the gradient vectors of all active constraints in x*
Vhi(x*),..., Vi, (x*), Vhj (x*), ..., Vh;, (x¥)

are linearly independent; then there exists a vector A € R™ and a vector
TS Rk, Mm+1s -+« s Wm+k > 0, such that

m m+k
V&) + Y AVhi(x) + Y i Vhi(x*) =0

i=l i=m+1

m+k

Y wihix*) =0

i=m+1
hix*)=0, i=1,....m
hi(x) <0, i=m+1,....,m+k.
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Any (x,A, ) € R" x R™ x RE | fulfilling the Karush-Kuhn-Tucker conditions
is called a Karush—-Kuhn—-Tucker point. Based on the Karush—-Kuhn—Tucker condi-
tions, a very popular method solving local constrained minimization problems is the
SQP method.

The idea of the SQP method is to solve the above constrained local minimization
problem by computing a sequence of Karush—Kuhn-Tucker points of special
quadratic minimization problems with linear constraints. Assume

x?, AP, u?f) e R" x R" XR];(), peEN,

then a point (x”*!, A7*! puP+1) is computed as a Karush—-Kuhn-Tucker point of
the local quadratic minimization problem:

locming f (x") + V f )T (x—x") + % (x—x")T V2 f (x") (x — x")

+ % x—x")T" (Z APV2h, (x”)) (x —x”)

i=1
1 m+k
+5 (x—xﬁ)T( > ufVh (xﬁ)) (x—x):
i=m+1

hi(x?) + Vh; (xP)T (x—x") =0, i=1,....m

hi(x?) + Vh (x?)T (x—=x") <0, i=m+1,....m+k

The starting point (x’, A%, u°) € R” x R™ x RX | is chosen arbitrarily. A method
for solving constraint global minimization problems using the SQP approach and
pseudorandom numbers is proposed in [Schnl1].

In this chapter, we are going to consider different approaches to solve constrained
global optimization problems based on the two following methods for solving
constrained local minimization problems:

1. Penalty Methods
The idea of penalty methods is to replace a constrained local minimization
problem
locmin{ f(x); h;(x) =0, i=1,....m
X
hix) <0, i=m+1,....m+k},
fihi R" > R, neN, mkeNy,
fihi e C]((R"R), i=1,....m+k
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by a sequence of unconstrained global optimization problems with objective
function

m m-+k
frnie, :RT >R, x> f(X) +¢p (Z hi*+ Y (P (hi(x)))4)

i=1 i=m+1

with
x for x>0

P:R—>R, xt+ )
0 for x <0

where {c,},en, is a sequence of positive, strictly monotonically increasing real
numbers with

lim ¢, = oc.

p—>00

For large ¢, it is clear that a global minimum point x* of the objective function
Srenay.c ) (if it exists) will be in a region of points x, for which

m m+k
(Z o+ Y (P (hf(x)f))

i=1 i=m+1

is small. Unfortunately, with increasing penalty parameter c,, the global mini-
mization of fpena,,_v,cp becomes more and more ill-conditioned. Therefore, it is not
advisable to start with a large penalty parameter c.

Example 5.1. Consider a local minimization problem with objective function
f 16,101 x[0,10] = R, x> 0.06x7 + 0.06x3 — cos(1.2x1) —cos(1.2x3) + 2.
The appropriate penalty functions are defined by

Somy.cp - RZ> R, x> 0.06)612 + 0.06x§ —cos(1.2x1) —cos(1.2x3) + 2

+ ¢y (PO = x1)" + (P(=x2))* + (P(x1 = 10))* + (P(x2 = 10))*) .

Figures 5.1-5.3 show the curve of steepest descent approximated by the semi-
implicit Euler method with

* Starting point (2,8) T
* Penalty parameter ¢, = 0, 1,100
e Number of computed points: 1,500

In this case, the penalty approach leads to a local minimum point on the boundary
of the feasible region.

We will come back to this example in the next section.
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Fig. 5.1 Curve of steepest descent and contour lines, Example 5.1, ¢, = 0, 1, 500 points
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Fig. 5.2 Curve of steepest descent and fpmlwp=1, Example 5.1, 1, 500 points
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Fig. 5.3 Curve of steepest descent and fpe“ahy,cp=100, Example 5.1, 1, 500 points

2. Equality Constraints
Considering a local minimization problem with equality constraints
locmin{ f(x); h;(x) =0, i=1,...,m},
X
fihi :R" - R, neN, meN,,
fihi e CCR"R), i=1,...,m,

it is possible to investigate the curve of steepest descent projected onto the
differentiable (n — m)-dimensional manifold

M ={xeR"; hy(x)=0, i=1,...,m}

iff the gradient vectors
Vhi(x),...,Vh,(x)

are linearly independent for all x € M.
Using
Vh(x) := (Vhi(x),...,Vh,(x)) e R""", xe M,

the matrix

Pr(x) = I, — Vh(x) (Vh(x) TVh(x)) ' Vh(x)T € R"", x¢€ M,
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Fig. 5.4 Predictor—corrector method

represents the orthogonal projection onto the tangent space 7xM of M inx € M.
Starting with a feasible starting point Xxo € M, which can be computed by solving
an unconstrained global minimization problem with objective function

f:R' >R, x— Z:h,-(x)2
i=1
for instance, the projected curve of steepest descent
X, :[0,00) = R"

is given by
Xpr(t) = _Pr(xpr(t))vf(xpr(t))7 X(O) = X0-

Since xy € M and

=V (%,(1) TPr(x, (1)) V f (%, (1))
=V f (% (1)) TPr(%,(£)) Vi (%,,(1))

=0 forallt € [0,00), i=1,...,m,

d
Ehi(xpr(t))

we obtain
X,(t) e M forallt € [0, 00).

Properties of the projected curve of steepest descent analogous to Theorem 2.1 can
be proven.

The numerical approximation of the projected curve of steepest descent consists
of two steps (predictor—corrector method (Fig.5.4)). Based on an approximation
X, (ti—1) € M of x,.(t;—1), a first approximation y,(#;) of x,.(#;) is computed using
numerical methods for ordinary differential equations (e.g., a semi-implicit Euler
method). This is called predictor step. However, y,(#;) ¢ M in general. Therefore,
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we need a second step to compute X,,(#;) € M basedony,(t;) ¢ M (corrector step).
Typically, the point X,,(#;) € M is assumed to be in the affine space

xR X =y,() + > 0;Vhi(x,(ti-1)). o1..... o0 €R

i=1

’

which is orthogonal to the tangent space T, ;)M of M inX,(t;—1) € M.
Hence, the corrector step consists of the computation of a zero of the mapping

hi (ypr(ti) + i Olthi(Xpr(li—l)))

c:R" > R", o+

hm (ypr(ti) + f: athi(Xpr(ti—l)))

i=1

5.2 A Penalty Approach

Consider the constrained global minimization problem:
globmin{ f(x); h;(x) =0, i=1,....,m
X

hix) <0, i=m+1,....m+k},
fihi R" >R, neN, mkeN,,
fhi e C((R",R), i=1,....m+k

with feasible region

R={xeR"; hyx) =0, i=1,...,m
hi(x) <0, i=m+1,...,m+k}.
Using

x for x>0

P:R—>R, xm )
0 for x<0O

we investigate unconstrained global minimization problems with objective function

m m+k
Jrnae :RT =R, x> f(X)+¢ (Z hi(x)* + Z (P (hi(x)))4> . ¢>0.

i=1 i=m+1
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Now, we introduce the penalty approach proposed in [RitSch94]. In this paper, the
main assumption is formulated as follows:

Assumption 5.2 There exist real numbers cg, €, p > 0 with:

1+ née?

X'V froaine (X) > max{ L, |V fume (X)[|5}

forallx € {z € R"; ||z||, > p} and for all ¢ > cy.

Assumption 5.2 means that Assumption 3.2 is fulfilled for all objective functions
Jrenaiy.c» € = Co, with the same €, p > 0.
In the following theorem, we study properties of the penalty approach.

Theorem 5.3 Consider the constrained global minimization problem

globmin{ f(x); h;(x) =0, i=1,....,m

hix) <0, i=m+1,....m+k},
fihi R" >R, neN, mkeN,,
fihi € C?(R"R), i=1,....m+k

and for each ¢ > 0, the penalty functions

m m+k
Froane (R >R, x> f(X) + ¢ (Z hix)*+ Y (P (h,-(x)))4).

i=1 i=m+1

Let the following Assumption 5.2 be fulfilled:
There exist real numbers cy, €, p > 0 with:

1+ ne?
XTV fpenazzy,c (X) =

maX{ 1 k) “ V ﬁenall}',c (X) “2}

forallx € {z € R"; ||z||, > p} and for all ¢ > cy;
then we obtain:

(1) The constrained global minimization problem has a solution.
(ii) For any sequence {c,} pen, with

* Cpt1>Cp>co forallp €N,
e lim ¢, = o0,

p—>00
let X; be a global minimum point of ]f,p,,a,,chp (the existence is guaranteed by
Assumption 5.2). Then the sequence {X;} peN, has at least one cluster point,
and each cluster point is a global minimum point of the constrained global
minimization problem.
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Proof. Consider {X}} pen,. Assumption 5.2 guarantees that
x, € {zeR"; [|z[l, < p}.

Therefore, each sequence {x;} peN, has at least one cluster point denoted by x}. Let
{x}, J1en be a subsequence of {x},} yen, with

pi > p; foralli > j

and with
. * ¥
Jim 5, = .
Assume that
x; ¢ R,

then we get from the definition of {c,},en, and from the fact that R is a closed
subset of R”":

. * —
[1_1)120 fpcnally,cpl (XPI) =00

On the other hand, we know that
Frenepy (X5,) < ;ngz {f(x)} foralll e N.

This contradiction leads to
x* € R.

cl

Assume that

F > inf{ £},

then we obtain
Frens.cpy (X3) > in}f2 {f(x)} foralll € N.
X€E€

Otherwise, we get from fuy.c,, (x;l) < inf{f(x)} forall/ € N:
XER
fpm“y,cm xr = fpmhMm (zl—lglo x;j) < ;glfe {f(x)} foralll € N.

This contradiction leads to

S = inf{/(0}.
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Fig. 5.5 A path of the randomized curve of steepest descent and ]‘lue"mw”:l, e = 1, 1,500 points

Now, we come back to Example 5.1 and consider

Problem 11. n =2
£ 106,101 x [0,10] = R, x> 0.06x7 4 0.06x7 — cos(1.2x1) — cos(1.2x) + 2

with the appropriate penalty functions

Srnae, 1 B2 > R, x> 0.06x7 + 0.06x5 — cos(1.2x;) — cos(1.2x2) + 2

+ ¢y (PO = x1)" + (P(=x2))* + (P(x1 = 10))* + (P(x2 = 10))*)

The function f has one unique global minimum point at (6,0) ". Assumption 5.2
is fulfilled for all € > 0. Figures 5.5 and 5.6 show 1,500 points of paths of the
randomized curve of steepest descent with € = 1, starting point (2,8) T, and ¢ p =
1,100, respectively.

In Sect. 3.3, we have considered linear complementarity problems (LCP) of the
following type:

Given ¢ € R” and C € R"”, find any x € R" such that

(c+Cx)'x=0
xizo i=1,...,l’l

(c+Cx); >0 i=1,...,n.
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Each solution of a given (LCP) problem is a solution of the appropriate constrained
global minimization problem

\/1+(ch+xTCx)2—1; —x; <0, i=1,...,n,

globmin
X
(—e—Cx); <0, i=1,...,n}

with objective function value equal to zero and vice versa. Using a penalty
approach with ¢ = 1,000, one has to solve an unconstrained global minimization
problem with objective function

fiR" >R, x+— \/1+(ch+xTCx)2—1

+1000 (Z (P(=x))' + ) (P(—(c + Cx)i))4) ,

i=1 i=1

which was done in Sect. 3.3, Problems 4-8.
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5.3 Equality Constraints

In this section, we investigate global minimization problems with equality con-
straints:

globmin{ f(x); h;(x) =0, i=1,...,m},
x
fihi :R" >R, neN, meN,,
fihi € C?(R",R), i=1,....m.
Again, we assume that
M :={xeR"; hi(x)=0, i=1,...,m}

is a differentiable (n — m)-dimensional manifold, which is equivalent to the
postulation that the gradient vectors

Vhi(x),..., Vhy(x)

are linearly independent for all x € M.
Using
Vh(x) := (Vi (x),...,Vh,(x)) e R""", xe M,

using the projection matrix
Pr(x) = I, — Vh(x) (Vh(x) TVh(x)) "' Vh(x) € R""

onto the tangent space 7xM of M in x € M, and using a feasible starting point
Xo € M, we have considered the projected curve of steepest descent

X, (1) = —Pr(x, ()V f(x,(1)).  x(0) = X,

for local minimization. Analogously to the unconstrained case, we try to solve
global minimization problems with equality constraints by a suitable randomization
of the projected curve of steepest descent. Based on the Wiener space (§2, B(£2), W)
and an n-dimensional Brownian Motion {B; };c[0,00), the first idea may consist in
solving

t

X, (t, @) =X — / Pr(X,.(t, )V f(X,.(t,0))d T + € (B; (@) — By(w))
0

v_vith t € [0,00) and w € £2, where the role of € has to be clarified. Unfortunately,
X, (t,w) ¢ M in general for each € > 0,¢ € (0,00), and @ € £2. Therefore,
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we have to look for a stochastic process {S;}/e[0,00) for some € > 0 based on
(£2,B(82), W) such that we obtain results analogously to the unconstrained case

using
t

X (1, @) = X0 — /Pr(Xpr(t, o)V (X (T, 0))d T + €8, (w)
0

and such that we obtain in particular X, (f,w) € M,t € [0,00), and w € §2. This
problem leads to the Fisk—Stratonovich integral in stochastic analysis, which we
introduce now without going into technical details (see [Pro95], for instance).
Let
Y, : 2 > R", te€[0,00),
be a matrix-valued stochastic process defined on (£2,B(£2), W) and consider a
sequence {té”) ,tl(q) ... .,t,(,';) } . of discretizations of the interval [0, 7], T > 0
g€
such that
e pieNforalli e N,
e pi <pjfori<j,
c 0=1"<1t” <... <1y’ =T forallq €N,

¢ lim ( max (t,.(q) —tl.(z)l)) =0,
q—>00 \i=1,...,pq

then we define the Fisk—Stratonovich integral of {Y,}/c[000) With respect to the
Brownian Motion {B, };¢[0,00) by

T Py

T2
Y; 0dB; :=L -hmz Y o, w0 (B(w—B(q)),
g—>00 4oty i iz
5 i=1 2

where L2-lim denotes the component-by-component L?-convergence defined as
follows:

Let {& };en be a real-valued stochastic process defined on the Wiener space
(£2,B(82), W) such that

/§MV<m,ieN
and let £ be a real-valued random variable defined on the Wiener space

(£2,B(82), W) such that
/Ede < 00,

then
L*lim§ = § = lim /(S — éi)de =0.
1—>00

i—00
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T
Note that f Y; o dB, is an n-dimensional random variable on (£2, B(£2), W). It is
0

very important to recognize that in the formula

Pq
2 .
LAim Y Y0, 0 (B —Bo )
g—00 4 J;’1'71 A i

i=1

@, (@)
one has to evaluate {Y,};c[0,00) €Xactly at the midpoint H% of the interval

@), (@)
[ti(z)l,ti(q)]. Evaluation at ti(z)l instead of ’H—% leads to the well-known It6

integral, which is widely used in mathematical finance. But, as shown in [Elw82],
only the Fisk—Stratonovich integral guarantees that

X, (r,w)e M, te€[0,t], weL,

where
t
X, (1, ) = Xo — / Pr(X,, (1, 0))V /(X (t, 0))d T
0
t
+ E/Pr(Xpr(r, e))odB.(w), we £,
0
=:8/(w)
and where

X, (t,0): 2 > R", o X, (r,0).

Hence, we have found a suitable randomization of the projected curve of steepest
descent analogously to the unconstrained case. It is shown in [St600] that this
approach preserves the properties of the unconstrained case as we summarize in
the following.

It is possible to define a canonical metric

dy : M xM — R
on M, which induces the canonical inner product in R"™ on the tangent spaces
TxM of M in x € M. Using this metric, we have geodetic lines on M, which play

the role of straight lines in R”™", and we have balls

B(xg,r) :=1{x€ M;dy(x,X0) <p}, p>0, xo€M
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in M. Therefore, we can try to translate Assumption 3.2 informally to an equivalent
assumption for the manifold M :

Fix xo € M. The objective function f has to increase sufficiently fast (growth
controlled by some € > 0) along each geodetic line starting at Xo outside a ball
{x € M; dy(x,X0) < p}, where only the existence of p > 0 is postulated.

A mathematically accurate formulation of an analogon of this informal statement
needs a lot of preliminaries from differential geometry and from the theory of
stochastic differential equations of Fisk—Stratonovich type and is given in [St500],
where results analogous to those of Theorems 3.3 and 3.6 are shown for the equality
constrained case and where the following numerical analysis is derived.

Since

Pq

T
Y, 0odB, = L>-lim E Yo, o (B @ —B w )
q—>00 Gty i i
o i=1 2

Pq
1
7215
- l(}—;léomz; E (Yti(q) + Yl‘;ﬁ) (Bti(q) N Bti(qf)l)
i=

for all stochastic processes Y with continuous paths, it is obvious to approximate
the two integrals in

1

X, (t,0) =x¢ — /Pr(Xpr(r, w))V f(X,(r,w))dt
0

t

+ € / Pr(X,.(z,e)) o dB.(w)
0

by the trapezoidal rule:

t+h h
/ PrX,(r. o))V f Xn(z. 0))dT ~ = (Pr(Xp,(t_ L)V f(X, (7, w))
r

+Pr(X,.(f + h,w)V f(X,.(f + K, a)))),

i+h
Pr(X,.(z,)) 0 dB. (w) ~ %(Pr(Xpr(f, )) + Pr(X,.(f + £, a))))-

© (Bipy(w) — Bi(w)).



5.3 Equality Constraints 91

Based on an approximation x,,,(f,®) of Xu(f,®), the trapezoidal rule for the
predictor step leads to a system

Yo (£ + 1, @) — X (1, @) + %(Pl‘(xapp(f 0DV [ (X (7. D))
+ Pr(y,(t + h. &)V (¥ (0 + h,c?))))

_g (Pr(xmpp(t_v CZ))) + Pr(Yapp(t_ + h’ 03))) .

- (Brpy (@) — Bi (@)
=0
of nonlinear equations in y,,,(f + &, ®) in general. Linearization at x,,, (£, @) yields a

system of linear equations with the predictory,,,(f +/, @) as solution. The corrector
step is defined by the computation of a zero of

" (yapp(f )+ 3 eV (xu(, ca»)

i=1
c:R" - R", ar : ,

- (yapp(r‘ h)+ S Vi (xu(, as)))

i=1

which again can be done by linearization techniques.

The idea of step size control is exactly like for the unconstrained case. See
Fig. 5.7 for illustration.

The point X' (7 + h) is accepted as a numerical approximation of X, (7 + &, @) if

dm (il(t_—i- h), X*(f + h)) < 8.
which is often replaced by

X'+ h) =@+ h)], <
for practical reasons.

The first of three problems, which we take from [St600], is of low dimension and
serves as an example for the visualization of the numerical results.

Problem12. n =3

2
globmin!{ f : R®* - R, (xl,xz,x3)T'—>x12+x§;1—(x1—2)2—%2+x32:0 ;
X
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Fig. 5.7 Step size control

This problem has three isolated minimum points:
(0,0,+/3)T  global minimum point, ~ f ((0, 0, \/3)) =0,
(0,0, —\/§)T global minimum point, f ((0, 0, —x/g)) =0,
(3,0,0)T  local minimum point, £ ((3,0,0)) = 9.

If we interpret the variable x3 as slack variable (the idea of replacing inequalities
by equations with squared variables is published in [McShane73]), this constrained
global optimization problem in three dimensions with one equality constraint results
from the constrained global optimization problem.

Problem 12°. n =2

2
globmin{ /"1 R* > R, (x1.x2)" > x7 + x3: 1 — (x; —2)” — %2 <0

with one inequality constraint. Problem 12’ has two isolated minimum points:

(0,0)"  global minimum point, £’ ((0,0)) = 0,
(3,0)"  local minimum point, £’ ((3,0)) = 9.

The inequality constraint
2
- =-2-2 =0

excludes an ellipse from the R2-plane (Fig. 5.8).
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The numerical treatment of Problem 12 with
€e=20, §=0.1
chosen number of iterations: 200

T
starting point Xo = (10, 1,,/63+ é)

leads to results in R? shown in Fig. 5.9, neglecting the slack variable x3.

After finding the local minimum point (3,0)T, the computed path goes on
and passes through the global minimum point (0,0)T. A second run of the same
algorithm with the same parameters (hence, only another path is chosen) yields the
result shown in Fig. 5.10.

The same type of path is obtained using € = 5 instead of ¢ = 2 (see Fig.5.11).

If € = 1, then 200 iterations are not enough to leave the local minimum point as
shown in Fig. 5.12.

If € is too large, then purely random search dominates (see Fig.5.13 with € =
20).

Again the optimal choice of € depends on scaling properties of the functions
fihi, ..., hyti. In the next section, we will come back to this example.

Problem 13. n = 20

globmin{ f : R? — R, x > 5(1 — x1) — exp (—100(x; — 0.7)%) + exp(—9);

20
Zx,?—1=0

i=1
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Fig. 5.13 Solution of Problem 12’ by solving Problem 12 with a too large €

This problem has a unique global minimum point
X, = (1,0,...,0)".
Let x,,. be the unique local (not global) minimum point of the function (Fig.5.14)
fi:R—>R, x> 5(1—x)—exp(—100(x —0.7)%) + exp(—9),

then the local minimum points of Problem 13 are given by the set

20
x € R?; x; = x,, and E xf: 1—x2

loc ’
i=2
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104

—1 705 0 05 wloc 1

Fig. 5.14 The graph of f] for x € [—1,1]

which is a 18-dimensional sphere with radius /1 — x2_ within the affine hyperplane
X] = X Starting from (—1,0, .. .,O)T with € = 0.2, § = 0.1, and computing
500 iterations, the function value of the computed starting point for the local
minimization is equal to 4.67 - 107!, Local minimization leads to the global

minimum point.

Problem 14. n = 100

globming f : R — R, x > 4 + 8x] — 4 cos(8x1) + X3 + x;

X

100

+ (x5 —1)* + inz;

=6

100
xi - le-z—f— 1=0
i=5

2 2_ 2 —
Xy — X, —x3+1=0;.

This problem has two isolated global minimum points with function value equal

97

to zero and apart from them, at least eight isolated local minimum points. Using a

starting point with function value equal to 2.27 - 10* and computing 200 iterations

with € = 2.0 and with § = 0.1, the function value of the computed starting point for

the local minimization is equal to 1.30 - 10%. Local minimization leads to a global

minimum point.
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5.4 General Case

Let us consider the constrained global minimization problem

globmin{ f(x); h;(x) =0, i=1,....,m

hix) <0, i=m+1,....m+k},
fihi R" >R, neN, mkeN,,
fhi e C2](R",R), i=1,....m+k.

Let

x*eR={xeR" hjx)=0, i=1,....m
hix) <0, i=m+1,....m+k}
andlet Jyx = {ji,...jp} S {m+1,...,m + k} be the set of indices j for which
h;(x*) =0.
We assume that the gradient vectors of all active constraints in x*
Vhi(x*), ..., Vh,(x*), Vhj (x*),...,Vh;, (x*)
are linearly independent for each x* € R.

Motivated by the numerical analysis of Problems 12 and 12’, it seems interesting
to transform this constrained global minimization problem to

globmin] f :R"™* SR, (x,9)7 > f(x);
X,S
h(x)=0, i=1,....m

hi (x) + 52 =0, i=m+1,....m+k;.

i—m—+n

For this approach, we note:

* The number of variables is enlarged by the number of inequality constraints.

* Each minimum point of f with / inactive inequality constraints creates 2!
minimum points of f with the same function value.

» Using the projected curve of steepest descent

(%,8)] (1) = —Pr((x,8),())V f (%,8),(1)),  (%,)7(0) = (%0, 5) "
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for the local optimization problem

locmin{ f :R"* SR, (x.8)7 > f(x):
XS
hi(x) =0, i=1,....m

h,-(x)+s<2 =0, i=m+1,....m+ky,

i—m+n

all active inequality constraints at the starting point Xy remain active and all
nonactive inequality constraints at the starting point X¢ remain nonactive along
the projected curve of steepest descent. Hence, this idea does not work for local
minimization.

Fortunately, the third statement is no longer true when we use the randomized
projected curve of steepest descent for global minimization as can be observed
in Figs.5.9-5.11. The reason is that by the additive term €S,(w) in the Fisk—
Stratonovich integral equation, the randomized projected curve of steepest descent
is no longer determined by an autonomous system. Therefore, it is theoretically
feasible to consider only constrained global minimization problems with equality
constraints using slack variables. But if there is a huge number of inequality
constraints, then the following active set method may be a better alternative.
Choose a point

X0 e R=1{xeR"; hj(x) =0, i
h,’(X) < 0, 1

1,...,m

m+1,....m+k}
and let Jy, € {m + 1,...,m + k} be the set of indices j for which
hj(x0) =0,

then we consider the constrained global minimization problemin n + |Jy,| variables

globmin{ fy, : R" ol 5 R (x,5)T > f(x):
(x.8)

hix) =0, i=1,....m

hi(X) + 85y = 0.) € Jy.

Using the randomized projected curve of steepest descent for this constrained global
minimization problem with m + |Jy,| equality constraints and with starting point
(X0,0) T, we perform only one predictor and corrector step with step size control. In
the special case of no equality constraints, i.e., m = 0, and of no active inequality
constraints at X, this means to perform a single iteration, including step size control,
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for an unconstrained problem. The step size control has to be modified such that the
first n components of the computed point (x(¢;, @), s}:})T (i.e., x(t;,®)) are in the
feasible region R. Then, we consider the constrained global minimization problem
inn 4 |Jy, )| variables

globmin{ fy,.a) i R*THaal S R (x,9)T = f(x);
(x.8)

h; (x)

0, i=1,....m

hi(X) + 57 s =0, j € Jxa-

where Jy, 5 S {m + 1,...,m + k} is the set of indices j for which
hy (x(t1,®)) = 0.

It may be that new inequality constraints are now active at x(¢;, @) and, since we
used a randomization, it may be that active constraints became nonactive. Now, we
handle this constrained global minimization problem with m + |Jy(, )| equality
constraints in the same way as before using (x(¢1,@),0)" as a starting point.
Consequently, we compute only one point (x(t, @), SE)T and consider the next
constrained global minimization problem in n + |Jx, )| variables

globmin{ fy,a) : R0l SR (x,9)T = f(x);
(x.8)

0, i=1,....m

h; (x)

hi() + 52 i =0 J € Jxna-

with starting point (x(z, ®), O)T, where Jyq, 5 € {m +1,...,m + k} is the set of
indices j for which
hj(x(t2,®)) =0

and so on.
We demonstrate the performance of this method by two test problems.

Problem 15. n =2

globmin{ f : R? — R, x > 6x7 — cos(12x;) + 6x5 — cos(12x,) + 2;
X
0.1 <x1 =51;

0.1 <xx=<1;.
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Fig. 5.16 Problem 15, function values, € = 1, 1, 500 points

This problem has a unique isolated global minimum point (0.1,0.1)T. Using
(0.95,0.95)T as a starting point and € = 1, the results are shown in Figs.5.15
and 5.16:
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N

0

Fig. 5.17 Problem 16, contour lines, € = 1, 1, 500 points

Fig. 5.18 Problem 16, function values, € = 1, 1, 500 points
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Problem 16. n =2

globmin{ f : R* > R, x > 6)(?12 —cos(12x;) + 6x§ —cos(12x3) + 2;
X

0.1 <x?+x3<lg.

This problem has exactly four isolated global minimum points
(=0.1,0)", (0,0.1)T, (0.1,0) T, (0, —0.1) "

Using (0.3,0.3)T as a starting point and € = 1, we obtain results summarized in
Figs.5.17 and 5.18.



Chapter 6
Vector Optimization

6.1 Introduction

The stochastic approach for global optimization problems investigated in the last
chapters can be used for vector optimization problems also. For that, we introduce
a partial ordering <p on R” by

u<pv <<= u<v; i=1,....n, uvelR"

and consider constrained global vector minimization problems of the following
type:

vglobmin{f(x); £;(x)

|
L
|

_
3

hi(x) <

A
o
I
S
+
3
+
z

A
f=|: |:R" >R,
Ji
hi :R" >R, fi:R"=>R
n,l eN, m,k, e Ny,

fishi e C*(R"R), i=1,....m+k j=1,...1L

This means that we have to compute at least one point

X, € R:i={xeR"; hix)=0, i=1,....,m
hi(x) <0, i=m+1,... m+k}#0

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 105
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1_6,
© Springer Science+Business Media New York 2012
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such that there exists no point x € R with

f(x,) # f(x) and £(x) <p f(x,).
A point x,, of this type is called a global Pareto minimum point. Since global Pareto
minimum points are not unique in general (because <p is just a partial order), one is

interested in computing as much global Pareto minimum points as possible. A point
X; € R is said to be dominated by a point x, € R if

f(x;) # f(x2) and f(x2) <p f(x;) (.e.,f(x2) <p f(x1)).

The book by Johannes Jahn [Jahn10] presents fundamentals and important results
of vector optimization in a general setting.

6.2 The Curve of Dominated Points

We investigate unconstrained local vector minimization problems:

A
vlocmin{f(x)}, f= : ‘R" >R, n,leN,

fi
fi e C*R"R), j=1,....1

Hence, we have to compute at least one point x,,. € R” such that there exists no
pointx € U(x,,) with

f(x,.) # f(x) and f(x) <p f(x.),
where U(x,,.) € R” is an open neighborhood of x,,.

We are going to generalize the curve of steepest descent for vector minimization
problems. For this purpose, for x € R”, we consider the convex hull C,,,(x) of

VAX),..., Vi)
and compute the unique vector v(x) € C,,(x) with

V&), < W), forall w(x) € Ce(x)
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by solving the following global quadratic minimization problem:

2 I
; ZZ,'—IZO

2 i=l1

!
S LviK

i=1

globmin §
z

-z <0 i=1,....,1;, xeR"

With a global minimum point z,(x), we obtain v(x) € C,,(x) by the following
function:

I
VIR' SR, x> ) 2,0V fi(x).

i=1
It is proven in [Schi.etal02] that

 Either v(x) = 0 or —v(x) is a descent direction for all f;,i =1,...,[.
* The function v is locally Lipschitz continuous.

Using the function v, we have found an analogon of the gradient in real-valued
optimization.
The curve of dominated points

x:DC[0,00) > R"
with starting point Xo € R” is defined by the solution of the initial value problem
x(t) = —v(x(?)), x(0) = xo.

In the following theorem, we summarize some important properties of the above
initial value problem.

Theorem 6.1 Consider
fi
f=|: |:R">R, nleN fieCR.R., j=1...1
Ji
and let the set

Lf,X() = {X S Rn; f(X) <p f(XO)}
be bounded, then we obtain:

(i) The initial value problem
X(1) = =v(x(2)), x(0) =xo,

has a unique solution X : [0, 00) — R".
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(ii) Either
X = Xp l]?c V(Xo) =0

or
f(x(t + h)) <p £(x(1)) forall t,he[0,00), h> 0.

(iii) For each

1
7ic zeR’;Zz,-zl, >0,i=1,...,1%,

i=1
there exists a point X,,,, € R" with
Tim fx(0)) = () and v(x,) =0,
where [
LiiRTS R x> Y Ffilx).
i=1
The proof uses exactly the same ideas as the one of Theorem 2.1.

For the numerical approximation of the curve of dominated points, only function
values of v are available, since v is not differentiable in general.

Example 6.2. Let us investigate a local vector minimization problem with

fl(X) X1+Xx2
f:RP> R, x| A | = 0.06(x,—x1)>—cos(1.2(x2—x1))+2)—1
S3(x) arctan(x,—x;)

The set of all Pareto minimum points is given by

x € R%; x is a Pareto minimum pointof g : R> — R?, x> (?EX;)}
3(X

and their function values are visualized in Fig. 6.1.
Figure 6.2 shows function values of the curve of dominated points according to f
with starting point (—1,1)T.
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6.3 A Randomized Curve of Dominated Points

Now, we investigate unconstrained global vector minimization problems

h
vglobmin{f(x)}, f=| : |:R" >R, nleN,
X

fi
fi e C*(R"R), j=1,...,L

With the Wiener space (£2, B(§2), W) and the Brownian Motion {B; },¢[0,00), We are
interested in the investigation of a stochastic process {X; };¢[0,00) With

X;: 2 —>R" te]0,00)
given by
t
X, (@) = x0 / VX (@)dT + € By (@) — Bo(@)). o € 2.
0

where xg € R” and € > 0 are fixed. This equation can be interpreted as a randomized
curve of dominated points. In order to analyze the randomized curve of dominated
points, it is necessary to formulate assumptions on the function v.

Assumption 6.2 There exists a real number € > 0 such that

1 2
xTv(x) > +ne

max{l, [v(x)[,}

forallx € {w € R"; ||w|, > p} for some p € R, p > 0.

In the following theorem, we study properties of the randomized curve of dominated
points analogously to Theorems 3.3 and 3.6, respectively.

Theorem 6.3 Consider the unconstrained global vector minimization problem
S
vglobmin{f(x)}, f=| : |:R" >R, nleN,
' i
fi e C*R"R), j=1,....1
and let the following Assumption 6.2 be fulfilled:

There exists a real number € > 0 such that
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&2
max{l, [v(x)[,}

1
XTV(X) >
forallx € {w e R"; |w|, > p} for some p € R, p > 0,

then we obtain:

(i) Using the Wiener space ($2,B(82), W) and € > 0 from Assumption 6.2, the
integral equation

X(t,w) = xo—/ v(X(t,w))dt+€ (B;(w) —Bo(w)), te€[0,00), weSN
0

has a unique solution X : [0, 00) x 2 — R" for each xy € R".
(ii) Foreacht € [0, 00), the mapping

X, : 2 >R" o-X(to)

is an n-dimensional random variable (therefore B(§2) — B(R") measurable),
and its probability distribution is given by a Lebesgue density function

pR" >R
with
tlim pi(x) = p(x) forall xeR",
—>00
where p : R" — R is a Lebesgue density function of a random variable
X: 02— R

(iii) Choose any r > 0 and let X, be any global Pareto minimum point of the
unconstrained vector minimization problem. Using the stopping time

st 1 2 - R U {oo},
inf{t > 0; [X(r.0) —xyl, <7} if {t =0 [X(t.w)—x,ll, <r} #0
» .
00 if {t=0;X(t,0) —Xyll, <r} =0

we obtain:

a. WHw € 2; st(w) <oo}) = 1.
b. For the expectation of st holds:

E(st) < o0.

Again, the ideas used for the proof of this theorem are the same as the ones used for
the proofs of Theorems 3.3 and 3.6, respectively.
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Since the function v cannot be interpreted as a gradient of a given potential
function in general, the invariant measure denoted by p in Theorem 6.3 is not known
explicitly.

6.4 An Euler Method

Since the function v is not differentiable in general, the numerical approximation of
the randomized curve of dominated points has to use only function values of v as in
the following Euler method.

Step 0: (Initialization)
Choose xp € R" and €,§ > 0,
Choose maxit € N,
J =0,
goto step 1.

In step 0, the starting point Xy, the parameter € according to
Assumption 6.2, the parameter § > 0 according to the step size
control, and the maximal number of iterations have to be determi-
ned by the user.

Step 1: (Evaluation of v)
h:=1,
compute v(X;)
goto step 2.

The initial value h,., of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)
Compute 2n stochastically independent A/(0, 1) Gaussian distributed
pseudorandom numbers py, ... py,q1,-..,qn € R,
goto step 3.

In this step, the choice of the path is determined successively
by the computer.

Step 3: (Computation of x? 11 by one step with step size /)
P+ q
X2, =X —hv(x)) + € 4

Pn +qn
goto step 4.

X§+1 is computed by a step with starting point X; using the step
size h.
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Step 4: (Computation of X )
X

. h h
.—X.__ X -
& j = 3v( 1)+€\/;

goto step 5.

Pn

Xy is computed by a step with starting point x; using the step

i h
size 3.

Step 5: (Evaluation of v)
compute v(x i )
goto step 6.

Step 6: (Computation of x} 41 by two steps with step size %)
q1
Xy = X — %v(x%) + 6\/g

qn
goto step 7.

X}_H is computed by a step with starting point Xy using the step
size %
Step 7: (Acceptance condition)
Ifx) 4, — x50, <6,
then
Xj+1:= X}H,
print (j + 1,Xj+1,f(Xj+1)),
goto step 8.
else
h = %,
goto step 3.
Step 8: (Termination condition)
If j + 1 < maxit,
then
J=Jj+1L
goto step 1.
else
STOP.
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Fig. 6.3 Problem 17, function values of the randomized curve of dominated points, € = 0.3,
1,500 points

Itis important to notice that this algorithm should be used to compute as many global
Pareto minimum points as possible. An example where this is done successfully is
given in [Schi.etal02] with n = 20 and / = 2.

In order to demonstrate properties of the randomized curve of steepest descent,
we come back to Example 6.2.

Problem 17. n =2
X1+ X3

vglobmin{ f: R? — R, x > | /0.06(x; — x1)2 — cos(1.2(xs — x1)) +2) — 1
X arctan(x, — x;)

Figures 6.3 and 6.4 show function values of the randomized curve of dominated
points from two different points of view. It can be noticed that the randomized curve
of dominated points behaves like a purely random search near Pareto minimum
points.
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Fig. 6.4 Problem 17, function values of the randomized curve of dominated points, € = 0.3,
1,500 points
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Fig. 6.5 Problem 18, function values, € = 0.3, 5,000 points
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Fig. 6.6 Problem 18, function values, € = 0.3, 5,000 points

6.5 Constraints

Constrained global vector minimization problems

vglobmin{f(x); h;(x) =0, i=1,..., m
hix) <0, i=m+1,..., m+ k}
S
f=1: ‘R" - R,
)
hi :R" >R, fi:R"—>R
n,l eN, mk, eNy,
fishi e C*RYR), i=1,..., m+k, j=1,..., l

can be handled in the same way as in Sect. 5.3 using the randomized projected curve

of dominated points for equality constraints.
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The penalty approach of Sect.5.2 can be generalized to vector minimization
problems using the functions

m m+k
Simey BT >R X [ + ¢, (Zhi(x>4+ S (p (hf(x»)“)

i=1 i=m+1
with j = 1,...,/, and with

x for x>0
P:R—>R, x+ )

0 for x <0
where {c,} pen, is a sequence of positive, strictly monotonic increasing real numbers
with

lim ¢, = oo.
p—>00

In addition, inequalities can be handled analogously to Sect. 5.4, which we demon-
strate by means of the following:

Problem 18. n =2
X1+ x2

vglobmin{ f: R* = R, x > | /0.06(x; — x1)2 — cos(1.2(x; — x1)) + 2) — 1
X arctan(x; — x1)

4 < x?4x3<25;.

Figures 6.5 and 6.6 show function values from two different points of view.



Appendix A
A Short Course in Probability Theory

Consider a nonempty set £2. With P(£2), we denote the power set of £2 consisting
of all subsets of £2. Using R := R U {00}, we expand the algebraic structure of R

to R by
a + (£00) = (£00) + a = (£00) + (Foo) = (£00), 400 — (—00) = +00,

(£00), fira >0,
a-(+oo) = (£o0)-a = 0, fira=0,
(Foo), fira <0,

(£00) - (£00) = 400, (£00) - (Foo) = —00, —— =0
+o0

foralla € R. With —co < aanda < oo foralla € R, (]1_%, <) remains an ordered

set, but not an ordered field.
Let F be a family of subsets of £2 with @ € F then a function

w:F—>R

is called a measure on F if the following conditions are fulfilled:

M1) pu(A)=O0forall Ac F
M2) (@) =0
(M3)  For each sequence { A; };en of pairwise disjoint sets with A; € F

o0
i €N, and \ ) A; € F holds:

i=1

m (U Ai) =Y u(4) (o-additivity).

i=1 i=1

S. Schiffler, Global Optimization: A Stochastic Approach, Springer Series in Operations 119

Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1,
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o0

Let {B;};en be a sequence with B; € B; 41, B; € F,and | B; = £2.1If u(B;) <
i=1

oo foralli € N, then u is called o-finite.

If one is only interested in measures on power sets, these measures have limited
properties and are not adapted for practical applications. Therefore, we consider the
following special class of families of subsets of 2.

A family of subsets of £2 is called a o-field on 2 if the following conditions are
fulfilled:

Sy Q€S
(S2) IfA€S then A=\ AeS.

o0
(S3) IfA; €S8,i €N, then | 4; €S.

i=1
Let I be any nonempty set and let S; be a o-field on 2 forall i € I;then () S; is

iel
again a o-field on £2. Assume F C P(§2) and let X' be the set of all o-fields on 2
with
SeY¥ < FcS,

then
o(F)= (8
Sex
is called o-field generated by F. For 2 = R", n € N, we consider the o-field

B" =o0{(a1,b1) X ... x[ay,by)) NR"; —0c0 <a; <b; <o0,i =1,...,n}),

where [a, b1) x...x[a,,b,) :=0,ifa; > b; foratleastone j € {1,...,n}. With

n bi — a; iftb; >a;,i=1,...,n
A(([ar, by) X ... X [a,, b)) NR") := il;ll( )

0 otherwise

we obtain a unique measure on 3”. This measure is called Lebesgue—Borel measure.
The o-field B" is called Borel o-field on R". Although

B # P(R"),

all important subsets of R" (e.g., all open, closed, and compact subsets) are elements
of B".

Let p be a measure defined on a o-field S on §2; then each set A € S with
w(A) = 0is called a p-null set. It is obvious that (B) = 0 for each subset B C A
of a p-null set. On the other hand, it is not guaranteed that

BeS foreach B C A.
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A o-field S on £2 equipped with a measure it : S — R is called complete if each
subset of a w-null set is an element of S. The o-field

So:={AUN; AeS, N subsetofa u-null set}
is called p-completion of S with the appropriate measure
wo:So—> R, (AUN) > u(A).

Let S be a o-field on £2. The pair (£2,S) is called a measurable space. With a
measure (4 on S the triple (£2, S, ) is called a measure space.
Let (£21, S51) and (§22, S») be two measurable spaces. A mapping

T:92 — 2, with T7'A) ={xeR:;T(x)eA}eS forall4 €S,

is called S;-S,-measurable. Consider two measurable spaces (§21, S;) and (§2,, 5»)
with S, = o(F). Amapping T : 2| — 2, is S|-S,-measurable, iff T~1(4') € S
forall A’ € F.

Let (£21, S, 1) be a measure space, (£2,,S,) be a measurable space, and let
T : 21 — £2; be §;-5;-measurable; then we are able to equip (£2,,S;) with a
measure [, transformed from (£21, S1, 1) via T by

pr:S =R, A (TTHA))., A €.

This measure is called image measure of ;.

Based on a measurable space (§2,S) a S-B-measurable function e : 2 — R is
called a simple function, if |e(§2)| < oco. An interesting class of simple functions is
given by indicator functions

1 ifwed
I,:2 >R, w~ , AeS.
0 otherwise

An indicator function /4 indicates whether v € A or not. For each simple function
e : £2 — R, there exist a natural number n, pairwise disjoint sets Ay,..., A, € S,
and real numbers «q, ..., o, with

EZZH:O(,'IAI., ZH:A,:Q

i=1 i=1

Now, we consider nonnegative simple functions e : £ — Rg‘ e = Yy ol Ais
i=1

o > 0,i = 1,...,n defined on a measure space (£2,S, t), and we define the

(p-)integral for this functions by
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/ed,u:z/ed,u :=Zn:a,--u(Ai).

) i=1

It is important to recognize that this integral does not depend on the representation
of e by Ay,..., A, € Sand oy, ..., q,. Let E be the set of all nonnegative simple
functions on (£2, S, w); then it is easy to see that

o [I4dp = p(A)forall A €S.

s [(xe)du=o [eduforalle € E, o € RS.

e [w+vydp= [udp+ [vduforallu,ve E.

o Ifu(w) <v(w)forallw € 2, then [udp < [vdp, u,v e E.

Consider the o-field
B:={AUB; A€ B,B C {—00,00}}

on R, and let (£2, S) be a measurable space and f : 2 — R(‘)F be a nonnegative
S — B-measurable function; then there exists a pointwise monotonic increasing
sequence {e, },en of nonnegative S -B-measurable simple functions e, : 2 — R(‘)F s
n € N, which converges pointwise to f. Therefore, we are able to define the u-
integral for nonnegative S-B-measurable functions f via

/fd,u::/fd,u:: lim/endu.
n—o0
2

Based on a S-B-measurable function f:2— R, the function

+. B+ f(w)if f(@) =0
ST =Ry w»—){ 0 otherwise

is called positive part of f, and the function

- R+ —f(w) if f(w) =0
S =Ry w'_){ 0  otherwise

is called negative part of f with the following properties:

* fHw) =0, f(w) =0forallw € £2.
e f7Tand f~ are S-B-measurable.

A

Using the positive part and the negative part of f, we define

[ rawi=[ saw= [ sran- [ au.
2
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if
/f+du<oo or /f_d,u<oo.

Furthermore, we define
/fdu::/f'lAdpL.
A

A measure space (£2,S,P) with P(£2) = 1 is called probability space with
probability measure P. For all sets A € S, the real number P(A) is called probability
of A. Let (£2,S,P) be a probability space and let (§2’, S’) be a measurable space;
then a S-S’-measurable function X : £ — 2’ is called a random variable.

If 2" = R',n € N,and &’ = B", then X is said to be an n-dimensional
real random variable. The image measure P’ on &’ is called distribution of X and
is denoted by Py. Consider a probability space (£2,S,P) and a random variable
X : 2 — R with

/X+d]P’<oo or /X_d]P’<oo,

then

E(X) := /X dP

is called expectation of X. The variance of a random variable X : 2 — R with
finite expectation E(X) is given by

V(X):= / (X —E(X))* dP.

Assume that B € § and P(B) > 0, then we are able to define another probability
measure P(e|B) (conditional probability) on S by

P(A N B)

P(e|B): S — [0,1], A 5

Consider a measure space (£2, S, ;) and a S-B-measurable function f : 2 — R
such that

e f(w)>=0 forall we L.
 [fdp=1

Then we obtain a probability measure

P:S—10,1], A|—>/fd,u.
A

The function f is called a density of P with respect to .
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For the special case (R", B",P), n € N, the probability measure [P can be expressed
by a so-called distribution function

F:R"—>[0,1], (x1,....%)" > P((—00,x1) X ... % (=00, X))
The distribution function of an image measure Py of an m-dimensional real-valued
random variable X : R" — R™, m € N, is called distribution function of X. The
most important class of distribution functions of this type is given by
F.y : R" —[0,1]

x—e) X '(x—e)
. / / (27[)”’ Jenrdz) 7 <_ 2 ) d

(=oox1) (=

for each e € R” and each positive definite matrix ¥ = (0; ;) € R"™”. A random
variable X of this type is called N (e, X') Gaussian distributed. Its image measure
is given by the Lebesgue density

1 —e) X l(x—
ves R" >R, X,_>—'exp(_(x e) (x e))

VQm)m det(X) 2
with
e,-:E(X,-), i=1,...,m
and

0ij =E(X; —e)(X;—ej)), i,j=1,...,m.

The matrix X' is called covariance matrix.
Based on a probability space (§2,S,P) we have defined a probability measure
P(e| B) (conditional probability) on S by

P(A N B)
P(B)

P(e|B): S > [0,1], Am
under the assumption that P(B) > 0. The fact that
P(A|B) =P(4) <= P(ANB)=P(A4)-P(B)

leads to the definition

A,B €S stochastically independent <= P(AN B) =P(A)- P(B).

Elements
{A;eS;iel}, I #0
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of S are called stochastically independent, iff

P ﬂAj :l_[]P’(Aj) forall subsets J €I with 0 < |J| < oo.
jeJ Jj€J

A family
(FiCSiiel}, 1#60

of subsets of S is called stochastically independent, ift

Pl ()4 | =]]P@)

jeJ jes

forall A; € F;, j € J,andforall J C [ with0 < |J| < oo. Let (£2',S’) be a
measurable space and let X : £2 — £2’ be a random variable. With F, we denote
the set of all o-fields on §2 such that

X is C — S’ — measurable, iffC € F.

The set
o(X):= ()¢
CeF

is called o-field generated by X . It is the smallest o-field of all o-fields A on £2
such that X is .A-S’-measurable. The stochastical independence of a family

Xi: -9 iely, I1#9
of random variables is defined by the stochastical independence of
lo(Xi):i eI}

A sequence of random variables is a sequence of functions; therefore, one has
to introduce different concepts of convergence as done in real calculus also. Let
(£2, S, P) be a probability space, let {X;};en be a sequence of real-valued random
variables

Xi:2—->R, ieN,

and let X : £2 — R be a real-valued random variable; then we define for r € R,
r>0:

L'limX; =X :< lim /|X—X,-|"dJP>=0,
1 —>00

i—00
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where

/|Xi|’d]I”<ooforalliENand/|X|’d]P’<oo

is assumed.
The sequence {X; };en converges in P-measure to X iff

Aim P({o € £2: |Xi(0) - X()| <€) =1
for all € > 0, and it converges almost everywhere to X iff

P({a) € $2; il_i)rgoX,-(w) = X(a))}) =1.
Convergency in distribution is given by

lim/fd]P’Xi :/fdPX

i—00

for all infinitely continuously differentiable functions f : R — R with compact
support.
A stochastic process is a parameterized collection {X;};er, T # @, of random
variables
X2 >R

based on a probability space (£2,S, P). A function
Xe(w): T - R", t+ Xi(w)

is called a path of {X,};er for each w € 2. Choose k € Nand 1y, ..., € T; then
we find a probability measure on (R¥, B¥) via
ot BE—0,1],
(A1, ..., Ar) = P({w € 2; X;,(w) € A1 N ...N X, () € Ax}).
Such a probability measure is called a finite-dimensional distribution of {X,}er.

The existence theorem of Kolmogorov (see [Bil86]) describes the existence of a
stochastic process using finite-dimensional distributions.
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Let M be a nonempty set with a finite number of elements and let (£2,S,P) be
a probability space. Using the measurable space (M, P(M)), we consider random
variables

Xi:2—->M, ie{l,...., M|}

with

o Py, ({x}) = II\I’TI forall x e M, i € {l,...,|M]} (the uniform distribution on
M).

* The random variables X1, ..., Xy are stochastically independent.

Let ® € £2 be a result of a random experiment given by (£2,S,P), then we
would like to construct a sequence {x,},en of elements of M algorithmically with

Xjm+i = Xi(®) foralli = 1,...,|M|, j € Np; the n-tuple (xi,...,xpq) is
called a realization of (X1, ..., X)y). For that, we consider a surjective function
f:M—->M

and compute a sequence {x, },en by

X = fO000) = SO ) with fO0a) =,

where x; € M is an arbitrarily chosen starting point, which is called seed. Since
M| < oo, we obtain a periodical sequence {x, },en with smallest period s € N. The
smallest period of {x,},ey is called cycle length of {x,},en. Now, we investigate
several choices for M. Consider three integers a, b, and m > 0; then we define an
equivalence relation R,, C Z x Z by

a=,b << (a,b)e R, —

;<= there exists an integer d witha —b = dm.
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If a =, b, then we say a is congruent to b modulo m. The integer m is called
modulus of R,,. For each fixed m > 0, each equivalence class (which is called
residue class also) of R,, has one and only one representative r with

0<r<m-—1.
The set of residue classes will be denoted by
Z/mZ = {[0],...,[m — 1]},

where [i] denotes the residue class with i € [i],i = 0,...,m — 1. If a =, « and
b =, B, then (a + b) =, (¢ + B) and ab =,, apf. In other words, we have a
well-defined operator

B:Z/mZxZ/mZ — Z/mZ,

([r1],[r2]) = [r1] B [r2] := [r3] suchthat ry 4+ ry € [r3]
and a well-defined operator

Cl:Z/mZ x 7] mZ — 7] mZ

([r1]. [r2]) =[] & [r2] := [r4] suchthat ry-ry € [ry].

The triple (Z/mZ, B, ) forms a commutative ring.
With M = Z/mZ, we choose [x1],[a],[p] € Z/mZ, and we consider the
sequence { / "~V ([x1])}, ., given by

fZ/mZ— Z/mZ, [x]+ ([a] & [x]) B [b].

This function is surjective (and thus bijective) if there exists a [a]™! € Z/mZ such
that [¢]~! @ [a] = [1], which is equivalent to g.c.d.(a,m) = 1 (see, e.g., [Kob94]),
where the function

gcd. . ZxZ—N

computes the greatest common divisor of the arguments. Now, we are looking for
stronger conditions on a, b such that { f “"”([xl])}n <y has the maximum cycle
length s = m for all [x,] € Z/mZ. From [Knu97], we know the following result for
m=>2:

Using the function

fZ/mZ — Z/mZ, [x]+— ([«] & [x]) B [b],

the sequence { f "~V ([x|])}, , has the maximum cycle length s = m for all [x,] €
7./ mZ if the following conditions are fulfilled:

e If any prime number p is a divisor of m, then p is a divisor of (a — 1).
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e If 4is adivisor of m, then 4 is a divisor of (a — 1).
e gecd.(bym) =1.

Letm = 16,a = 9,b = 1, and [x;] = [0], for instance; then we obtain the sequence
[0]. [1]. [10]. [11]. [4]. [5]. [14]. [15]. [8]. [9]. [2]. [3]. [12]. [13]. [6]. [7]. [O]. . ..
with maximal cycle length s = 16. With the function
g:Z/ml— 7, i]—Ii,

each sequence { f "~V ([x|])}, ., can be transformed to a sequence {x, },en of real
numbers lying in the unit interval by

_ g/ (D)

, neN.
m—1

n

The above example leads to

0110114 51418 9 2 3 12 13 6 70
157157157157 157157 7157157157157 157157157157 7

Pseudorandom number generators of the form

]

n s neN
m—1

with
fiZ/mZ — Z]/mZ, |[x]+ ([a] & [x]) B [b]

are called linear congruential generators. The quality of these generators depends
mainly on the choice of a, b, and m. In [Pre.etal88], the following list of constants
is published and organized by the number of necessary bits for the binary repre-
sentation of {g( f "~V ([x1]))}nen. Each triple (a, b, m) fulfills the above conditions
for maximal cycle length, and the corresponding pseudorandom number generator
passed several tests of randomness given in [Gen03].

In this book, we need pseudorandom numbers, which approximate realizations
of stochastically independent, N'(0, 1) Gaussian distributed random variables. Up to
now, we are able to compute pseudorandom numbers, which approximate realiza-
tions of stochastically independent, [0, 1]-uniformly distributed random variables.
Let (u;1,uz) be a realization of two stochastically independent, [0, 1]-uniformly
distributed random variables (U}, U,) and assume

0<Qu—1)*+Quy—1)*<1,
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Number of bits a b m

20 106 1,283 6,075
21 211 1,663 7.875
22 421 1,663 7.875
23 430 2,531 11,979
23 936 1,399 6,655
23 1,366 1,283 6,075
24 171 11,213 53,125
24 859 2,531 11,979
24 419 6,173 29,282
24 967 3,041 14,406
25 141 28,411 134,456
25 625 6,571 31,104
25 1,541 2,957 14,000
25 1,741 2,731 12,960
25 1,291 4,621 21,870
25 205 29,573 139,968
26 421 17,117 81,000
26 1,255 6,173 29,282
26 281 28,411 134,456
27 1,093 18,257 86,436
27 421 54,773 259,200
27 1,021 24,631 116,640
27 1,021 25,673 121,500
28 1,277 24,749 117,128
28 741 66,037 312,500
28 2,041 25,673 121,500
29 2,311 25,367 120,050
29 1,807 45,289 214,326
29 1,597 51,749 244,944
29 1,861 49,297 233,280
29 2,661 36,979 175,000
29 4,081 25,673 121,500
29 3,661 30,809 145,800
30 3,877 29,573 139,968
30 3,613 45,289 214,326
30 1,366 150,889 714,025
31 8,121 28,411 134,456
31 4,561 51,349 243,000
31 7,141 54,773 259,200
32 9,301 49,297 233,280
32 4,096 150,889 714,025
33 2,416 374,441 177,1875
34 17,221 107,839 510,300
34 36,261 66,037 312,500

35 84,589 45,989 217,728
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then the tuple (z;, z2) given by

B —21n(Qu; — 1)2 + Qus — 1)2)
ai= Qu=1 \/ Qur = 1) + uz — 1)?

— —2In(Qu; — 1)+ Qup — 1)?)
2 = (2%2 - 1)\/ (2141 _ 1)2 + (Zuz _ 1)2

is a realization of two stochastically independent, A/(0, 1) Gaussian distributed
random variables (Z;, Z,) (see [MarBra64]). Consequently, we obtain the following
algorithm:

Step 0: (Initialization)
i =1.
j =1
Choose a, b, m according to the above list such that m is an even number.
Choose [x1] € Z/ mZ.
goto step 1.

Step 1: (Computation of [x;])
compute [x;] := ([a] & [x,]) B [].
goto step 2.

Step 2: ([0, 1]-uniformly distributed pseudorandom numbers)

— gD
Compute u; := rfl[Tll])

— 8x
Compute up := £122,
goto step 3.

Step 3: A/(0, 1) (Gaussian distributed pseudorandom numbers)
IfO < Qu — 12+ Quy—1)2 <1,
then

—21In((2u1—1)2+(Q2ur—1)?
compute z; := (2u; — 1)\/ (2(u1_11)2+(2u2_21)2 )

—21In((2u1—1)2+(Q2ur—1)?
compute 2, := (2u, — 1)\/ (2(141—11)2 +(2u2_21)2 )

ii=1+2.
ji=j+2
goto step 4.
else
ji=j+2

goto step 4.
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Step 4: (Computation of [x;], [x;4+1])
Ifj>m
then
STOP.
else
compute [x;] := (la] & [x;1]) & [6].
compute [x;.41] = ([a] B [x;]) &8 [5].
goto step 5.

Step 5: ([0, 1]-uniformly distributed pseudorandom numbers)

Compute u; := LD
Compute u; 41 := w

goto step 6.

Step 6: (\V(0, 1) Gaussian distributed pseudorandom numbers)
If0 < (2uj — 1)2 + (2Mj+1 - 1)2 <1,
then

— . —1)2 . —1)2
compute z; 1= (2u; — 1)\/ 210((Qu;— 1+ Quj 41D ).

Quj—1)2+Qu;11-1)?

. —21In(Qu; —1)2+Quj41—1)2
compute z;+1 := (2uj+1 — 1)\/ (2(14/—]1)2+(2M/+]1_11)2 )'

=142
Ji=j+2
goto step 4.
else
Jji=j+2

goto step 4.
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White Noise Disturbances

In order to analyze optimization problems with white noise disturbances, we have to
introduce the concept of generalized functions (see, e.g., [Zem87]). Therefore, we
consider the R-vector space K consisting of all infinitely continuously differentiable
functions

¢:R—>R

with compact support. This vector space is known as the space of all test functions.
A sequence {¢y }ren of test functions is said to be convergent (with limit ¢ € K)
iff

¢ There exists a compact set C C R such that

or(x) =0 forall keN, xeR\C,

e The sequence {¢}ren and the sequences of the derivatives {qolip )}k . of pth
€

order, p € N, converge uniformly to ¢ and ¢(?), respectively.

A generalized function @ is given by a continuous linear functional
D K—->R, ¢ D(p).

The set D of all generalized functions forms again a R-vector space. Each
continuous function f : R — R can be represented by a generalized function

P, K—->R, ¢+ / f@®)e(t)dt.

The generalized functions

5;0 : K — R, @ = (p(lo), fHheR
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are called Dirac delta functions. These generalized functions are not representatives
of continuous functions because there exists no continuous function d;, : R — R
with

o0
/ di,()p(t)dt = ¢(ty) forall ¢ € K.
—00

Consider the functions

. 1 (x — 10)2
dyo2 :R—>R, x> ﬁexp(—— , o0>0,

then we obtain

o0
lim / diy o2 ()e(t)dt = ¢(ty) forall ¢ € K.
o—0
—00

On the other hand,

0 if x#to

ihmodm*’z(x):%oo it x =1

Each generalized function @ is differentiable, and the derivative of @ is given by
®:K—>R, ¢ —0(),

where ¢’ denotes the derivative of ¢. Let f/ : R — R be a continuously
differentiable function. The fact that

bs0) =~0,0) =~ [ 109 0ar = [ fwewar =)

makes the definition of & reasonable.

Now, we combine the concept of random variables with the concept of general-
ized functions in the following way (see [Ku096]):

Let (£2, S, P) be a probability space and let

P, : 02 —>R
be a real-valued random variable for each ¢ € K. The set

1Py: ¢ € K}
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of random variables is called a generalized stochastic process, iff the following
conditions are fulfilled:

e Forall @, B € R and for all ¢, ¢ € K holds
Dypipy = P, + Py P — almost surely.
* Choose n € N and consider n sequences of test functions

{o1j}jens - A@nj}jen
such that
@;;j converges to a test function ¢; with j — oo foralli =1,...,n

(convergence in the above scene); then the n-dimensional real-valued random
variables (Py,;, ..., Py, ) converge in distribution to (D, , . .., Dy, ).

Let {X;};e[0,00) be a real-valued stochastic process with continuous paths
Xe(@):[0,00) > R, t+ X,/(®), &€,

then this stochastic process can be represented by a generalized stochastic process
{Px,; ¢ € K} with

o0
Py, 2 —>R, o0+ /X,(a))qo(t)dt.
0

In the following, we consider a one-dimensional Brownian Motion { B, },>( defined
on the probability space (§2, S, P); thus,

1. Pw € 2; Bo(w) =0}) = 1.
2. Forall0 <ty <t <...<lI, k €N, the random variables

BIO’ Btl - BtO’ ce ey Btk - Btk—l

are stochastically independent.

3. For every 0 < s < t, the random variable B, — By is N'(0, (t — s)) Gaussian
distributed.

4. All paths of {B; };>¢ are continuous.

The generalized stochastic process representing this Brownian Motion is given by

Ppy:2—>R, o+ / B/ (w)e(t)dt.
0
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Since the pathwise differentiation {45(,; ¢ € K} of a generalized stochastic
process {®,; ¢ € K} yields again a generalized stochastic process, we are able
to investigate the generalized stochastic process {<1'>3,¢,; ¢ € K}, which has the
following properties:

« E(Pp,) =0 forall ¢eK.
s Cov(Ppy, Ppy) = [ @)y (t)dt.
—00

* For arbitrarily chosen linearly independent functions ¢, ..., ¢, € K, n € N, the
random variable (Pp,, ..., Pp,) is Gaussian distributed.

If one tries to describe the covariance function Cov(q'ﬁB,(,, 453,,,,) as a classical
function in two variables ¢ and s, then this function has to behave like

;i_)mods,,,z(t)(z% 0 if s;ét).

oo if s=t
For this reason and because
E($p,) =0 forall ¢ €K,
the generalized stochastic process {QSB#J; ¢ € K} serves as a typical random noise
process in engineering and is called a white noise process. Although this process is
not a representative of a classical stochastic process, it is often described by

v 2 =R, te]0,00)

in the literature. Using an n-dimensional Brownian Motion

{B1.}ief0.00)
1B }iep.00) = ;
{Bn,t}te[O,oo)
then {B1}/€0.00): - - - » {Bn }1e0,00) are stochastically independent one-dimensional

Brownian Motions, and we obtain an n-dimensional white noise process

éB 1.9
: ;e K
éBn @
incorrectly denoted by {N; };c[0,00) in the literature.

Let
Y;: 2 —>R", te[0,00),
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be a matrix-valued stochastic process defined on (§2, S, P) with continuous paths;
then the Fisk—Stratonovich integral of {Y,};c[0,00) With respect to the Brownian
Motion {B; };¢[0,00) Was defined by

T

Pq
e T 2.7 . _B.
/YI odB, = qul;omZYHz,,l (B, —B;_,).
o i=1
Substituting
Pq Pq
B, — B, _
ZYfiJrfifl (Bti —Bt,;l) by ZY’iJFfifl %(ti _ti—1)7
i=1 : i=1 : O
we define
T T
/Y[Ntdt = /Y[ OdBt.
0 0

In several applications like image processing and pattern recognition, one has to
minimize a twice continuously differentiable objective function f : R” — R, which
is not known explicitly, but informations about the gradient of f are given in the
following way:

For each continuous curve

k :[0,00) —> R",

the evaluation of the gradients of f along these curves is connected with additive
white noise disturbances:

V f(k()) + N;, insteadof V f(k(z)), >0,

or, more correctly in terms of generalized functions:

équfﬂ
Dy ror (@) + : instead of Py ok (¢), ¢ € K,
éan‘ﬂ
which means:
:fo(Vf(k(t))lw(t) — Big/(0)dt Zo V£ k() 10(0)d1
: instead of : ,
T F()npt) — Busg(0))di TV £ (t)np0)ds
0 0

p K.
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Now, we have to deal with a comparison of function values of f. Assume that
we have computed two points X1, X, € R". With the line

y:[0,1] > R", ¢+ x;+1(x—X1),

we obtain:

1

1
/ F0)di = / V()T (ke —x1)di
0 0

1 T

/ VA0t (xa—x).

0

f(x2) = f(x1)

Since we can evaluate only realizations of

Vf(y(t)) + N; instead of V f(y(2)),

we are only able to compute numerically a realization of the random variable

1
Af 2 >R, o /(Vf(y(t)) + Ny (@) T (x0 — x1)d1t
0

T

1
/ (VIG0) +N@)di | (x2—x1)
0

1 T 1 T

- / VAG@dr | xa—xi) + / N(@)dt | (0 —x)

0 0

f(x2) = f(x1) + (Bi (@) — Bo(®))" (x2 —x1).

Therefore, Af is a N (f(xz) — f(x1), %2 — x4 ||%) Gaussian distributed random

variable. If the computed realization of Af is greater than zero, then we conclude
f(x2) > f(x1) and vice versa. The error probability is given by
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/0 L (_(x —1/(x) - f(xl)|)2) p
p X

2
2% — x| 2[x2 — xi |3

_ b (_|f(X2) _f(xl)|)’

%2 =il

where @ denotes the standard normal cumulative distribution function. In [M6r93],
numerical examples of this approach are summarized with up to n = 5 variables.

It is important to distinguish between the Brownian Motion {B;},>¢ implicitly
given by the white noise process and a Brownian Motion {1_3,},20 used for
randomization of the curve of steepest descent. Both processes can be assumed to
be stochastically independent. Since

X(t, w) = X9 — /(Vf(X(t, ®)) + Ne(»))d 1 + € (B, (0) — By(w))
0

1

= xo—/(Vf(X(t,a))) + N (w))dt +€/In odl_St(a))
0 0

t t t

:xo—O/Vf(X(r,a)))dr—O/Nt(w)dr+60/N1(a))dr

—xo— / VF(X(r.0))dT + / (€N, (@) — N. () d
0 0 VET1B. ()

t

—xo— / VX o) dt + Ve 11 (Bi() - Bo(@).

0

the theory of section three is applicable with +/€2 + 1 instead of €.
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