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Universität der Bundeswehr München
Fakultät für Elektro- und

Informationstechnik, EIT1
Werner-Heisenberg-Weg 39
Neubiberg, Germany

ISSN 1431-8598
ISBN 978-1-4614-3926-4 ISBN 978-1-4614-3927-1 (eBook)
DOI 10.1007/978-1-4614-3927-1
Springer New York Heidelberg Dordrecht London

Library of Congress Control Number: 2012939855

Mathematics Subject Classification (2010): 90C26, 90C15, 90C90, 65C30, 65D30, 60H10, 60H35,
60H40

© Springer Science+Business Media New York 2012
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.
While the advice and information in this book are believed to be true and accurate at the date of
publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for
any errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Preface

Utinam exitus acta probet

Global optimization plays an outstanding role in applied mathematics, because a
huge number of problems arising in natural sciences, engineering, and economics
can be formulated as global optimization problems. It is impossible to overlook
the literature dealing with the subject. This is due to the fact that-unlike local
optimization-only small and very special classes of global optimization problems
have been investigated and solved using a variety of mathematical tools and
numerical approximations. In summary, global optimization seems to be a very
inhomogeneous discipline of applied mathematics (comparable to the theory of
partial differential equations). Furthermore, the more comprehensive the consid-
ered class of global optimization problems, the smaller the tractable scale of
problems.

In this book, we try to overcome these drawbacks by the development of
a homogeneous class of numerical methods for a very large class of global
optimization problems. The main idea goes back to 1953, when Metropolis et al.
proposed their algorithm for the efficient simulation of the evolution of a solid to
thermal equilibrium (see [Met.etal53]).

In [Pin70], the analogy between statistical mechanics and optimization is already
noticed for the first time. Since 1985, one tries to use this analogy for solving
unconstrained global optimization problems with twice continuously differentiable
objective functions (see [Al-Pe.etal85], [GemHwa86], and [Chi.etal87]). These new
algorithms are known as simulated annealing. Unfortunately, simulated annealing
algorithms use so-called cooling strategies inspired by statistical mechanics in
order to solve global optimization problems but neglect the existence of efficient
local optimization procedures. Hence, these cooling strategies lead to unsatisfactory
practical results in general.
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vi Preface

The analogy between statistical mechanics and global optimization with constant
temperature is analyzed for the first time in [Schä93] using Brownian Motion and
using the stability of random dynamical systems. This analysis forms the basis of
all methods developed in this book. As a result, the application of the equilibrium
theory of statistical mechanics with fixed temperature in combination with the
stability theory of random dynamical systems leads to the algorithmic generation
of pseudorandom vectors, which are located in the region of attraction of a global
optimum point of a given objective function.

Here is an outline of the book. In Chap. 1, stochastic methods in global optimiza-
tion are summarized. Surveys of deterministic approaches can be found in [Flo00],
[HorTui96], and [StrSer00] for instance. In Chap. 2, we develop unconstrained
local minimization problems and their numerical analysis using a special type of
dynamical systems given by the curve of steepest descent. This approach allows
the interpretation of several numerical methods like the Newton method or the trust
region method from a unified point of view.

The treatment of global optimization begins with Chap. 3, in which we consider
unconstrained global minimization problems. A suitable randomization of the curve
of steepest descent by a Brownian Motion yields a class of new non-deterministic
algorithms for unconstrained global minimization problems. These algorithms are
applicable to a large class of objective functions, and their efficiency does not
substantially depend on the dimension of the given optimization problem, which
is confirmed by numerical examples. In Chap. 4, we propose a very important appli-
cation of the results of Chap. 3, namely, the optimal decoding of high-dimensional
block codes in digital communications. Chapter 5 is concerned with constrained
global minimization problems. Beginning with equality constraints, the projected
curve of steepest descent and its randomized counterpart are introduced for local
and global optimization, respectively. Furthermore, the penalty approach is analyzed
in this context. Besides the application of slack variables, an active set strategy
for inequality constraints is developed. The main ideas for global minimization
of real-valued objective functions can be generalized to vector-valued objective
functions. This is done in the final chapter by the introduction of randomized curves
of dominated points.

Appendix A offers a short course in probability theory from a measure-theoretic
point of view and Appendix B deals with the algorithmical generation of pseudo-
random numbers, which represents the fundament of all numerical investigations
in this book. Since we have chosen a stochastic approach for the analysis and
numerical solution of global optimization problems, we evidently have to ask
whether this approach is adequate when dealing with stochastic global optimization
problems. This question is answered in Appendix C by the investigation of gradient
information additively disturbed by a white noise process.

The reader of this book should be familiar with

• Initial value problems
• Theory and practice of local optimization
• Topics in probability theory summarized in Appendix A
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Chapter 1
Stochastic Approach to Global Optimization
at a Glance

1.1 Random Search

Let

f W R.� R
n/ ! R

be a given objective function of a global minimization problem and let P be a
probability distribution defined on the feasible region R, then a random search
algorithm is defined as follows:

1. Compute m pseudorandom vectors x1; : : : ; xm as realizations of m stochastically
independent identically P -distributed random variables

X1; : : : ; Xm:

2. Choose j 2 f1; : : : ; mg such that

f .xj / � f .xi / for all i 2 f1; : : : ; mg:

3. Use xj as global minimum point or apply a local minimization procedure with
starting point xj to minimize f.

The utility of this algorithm depends mainly on the choice of the probability
distribution P as the following example shows.

Example 1.1. Choose n 2 N and consider the function

fn W Œ�1; 1�n ! R; x 7!
nX

iD1

.4x2
i � cos.8xi / C 1/:

Each function fn has 3n isolated minimum points with a unique global minimum
point at x D 0 (Figs. 1.1 and 1.2).

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1 1,
© Springer Science+Business Media New York 2012

1



2 1 Stochastic Approach to Global Optimization at a Glance
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Fig. 1.1 Function f1

Fig. 1.2 Function f2

The region of attraction to the unique global minimum point is approximately
given by Œ�0:4; 0:4�n.

Using the uniform probability distribution Pu;n on Œ�1; 1�n for X1; : : : ; Xm, then

pu;n WD Pu;n.Xi 2 Œ�0:4; 0:4�n/ D 0:4n
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Fig. 1.3 Lebesgue density function �f1

denotes the probability that a realization of Xi lies in the region of attraction of the
global minimum point.

Using the probability distribution Pfn given by the Lebesgue density function

�fn W Œ�1; 1�n ! R; x 7! exp .�fn.x//R

Œ�1;1�n
exp .�fn.x// dx

for X1; : : : ; Xm, then

pfn WD

R

Œ�0:4;0:4�n
exp .�fn.x// dx

R

Œ�1;1�n
exp .�fn.x// dx

� 0:8n

again denotes the probability that a realization of Xi lies in the region of attraction
of the global minimum point (Figs. 1.3 and 1.4).

We obtain
pfn � 2npu;n:

Clearly, the efficiency of pure random search depends mainly on the choice of P .

In order to make use of the advantage of Pfn over Pu;n, one has to find a suitable
Lebesgue density function �f for a given objective function f and one has to
develop an algorithm for the generation of realizations according to �f . Both will be
done in the next chapters. Random search algorithms are investigated in [HenTót10]
and [ZhiŽil08] and analyzed in [Kar63] and [Zhi91] using extreme-order statistics.
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Fig. 1.4 Lebesgue density function �f2

1.2 Adaptive Search

Adaptive search algorithms for the global minimization of

f W R.� R
n/ ! R

do the following:

1. Compute a pseudorandom vector x1 as a realization of a P -distributed random
variable, where P denotes a probability measure on R.

2. Based on k computed vectors x1; : : : ; xk , compute a pseudorandom vector
xkC1 as a realization of a Pk-distributed random variable, where Pk denotes a
probability measure on the set

fx 2 RI f .x/ < f .xi /; i D 1; : : : ; kg:

3. Check some termination condition.

Obviously, adaptive search algorithms generate a strictly monotonic decreasing
sequence ff .xi /g of function values at random. In the last 25 years, there has been a
great amount of activity related to adaptive search algorithms (see, e.g., [Bul.etal03],
[Pat.etal89], [WoodZab02], and [Zab03]). Nevertheless, it has turned out that the
computation of a pseudorandom vector in

fx 2 RI f .x/ < f .xi /; i D 1; : : : ; kg

by an appropriate probability measure Pk is too difficult in general.
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1.3 Markovian Algorithms

A general Markovian Algorithm for the global minimization of

f W R.� R
n/ ! R

can be formulated as follows (cf. [ZhiŽil08]):

(i) By sampling from a given probability distribution P1 on R, obtain a pseudo-
random vector x1. Evaluate y1 D f .x1/ and set iteration number k D 1.

(ii) Obtain a pseudorandom vector zk 2 R by sampling from a probability
distribution Qk.xk/ on R, which may depend on k and xk .

(iii) Evaluate f .zk/ and set

xkC1 D
8
<

:
zk with probability pk

xk with probability 1 � pk

;

where pk is the so-called acceptance probability, which may depend on

xk; zk; f .zk/; and yk:

(iv) Set

ykC1 D
8
<

:
f .zk/ if xkC1 D zk

yk if xkC1 D xk

:

(v) Check a stopping criterion. If the algorithm does not stop, substitute k C 1 for
k and return to Step (ii).

The best-known Markovian algorithm is simulated annealing. Let

M � WD fx� 2 RI x� is a global minimum point of f g 6D ;

be the set of all global minimum points of f and let PM � be a probability
distribution on R such that

PM � .M �/ D 1;

then a simulated annealing algorithm tries to approximate a pseudorandom vector
w� according to PM � (in other words w� 2 M � almost surely). The acceptance
probability is chosen by

pk D minf1; exp.�ˇk.f .zk/ � f .xk///g D

D
8
<

:
1 if f .zk/ � f .xk/ � 0

exp.�ˇk.f .zk/ � f .xk/// if f .zk/ � f .xk/ > 0
;
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with ˇk � 0 for all k 2 N. In order to achieve an approximation of a pseudorandom
vector w� 2 M �, one has to choose the sequence fˇkg such that

lim
k!1 ˇk D 1 (a so-called cooling strategy):

The efficiency and the theoretical properties of simulated annealing depend mainly
on the choice of the probability distributions Qk.xk/. Unfortunately, it is not
easy to find an optimal class of probability distributions Qk.xk/ for a given
global optimization problem. Furthermore, there are additional restrictions for
the sequence fˇkg (see [Hajek88] and [Mitra.etal86] for instance) depending on
(unknown) properties of the objective function to ensure the approximation of

w� 2 M � almost surely.

Therefore, many heuristic arguments have been produced (in a highly visible
number of publications) to improve simulated annealing (see, e.g., [Sal.etal02] and
[LaaAarts87]).

1.4 Population Algorithms

Population algorithms keep a set (the so-called population) of feasible points as a
base to generate new points (by random). The set of points evolves by occasionally
replacing old by newly generated members according to function values. After
the publication of the book by Holland [Holl75] a special type of population
algorithms became popular under the name Genetic Algorithms. Similar population
algorithms became known under the names of evolutionary programming, genetic
programming, and memetic programming. The lack of theoretical foundations
and consequently of theoretical analysis of this type of algorithms is usually
compensated by an exuberant creativity in finding terms from biology like evolution,
genotype, selection, reproduction, recombination, chromosomes, survivor, parents,
and descendants. The fact that these algorithms are still very popular is caused
by this practice. Population algorithms are characterized by a large number of
parameters in general: The MATLAB Genetic Algorithm, for instance, can be
adjusted by setting 26 parameters.

In 1995, the biological terminology was enlarged by names like “swarming
intelligence” and “cognitive consistency” from behavior research (see [KenEber95])
without improvement of the methods. The new catch phrase is “artificial life.”
A short and apposite survey of population algorithms is given in [HenTót10].



Chapter 2
Unconstrained Local Optimization

2.1 The Curve of Steepest Descent

In this chapter, we investigate unconstrained local minimization problems of the
following type:

locmin
x

ff .x/g; f W Rn ! R; n 2 N; f 2 C 2.Rn;R/;

where C l.Rn;R/ denotes the set of l times continuously differentiable functions
g W Rn ! R (l D 0: continuous functions) and where f is called objective function.
Hence, we have to compute a point xloc 2 R

n such that

f .x/ � f .xloc/ for all x 2 U.xloc/;

where U.xloc/ � R
n is an open neighborhood of xloc.

The curve of steepest descent

x W D � Œ 0; 1/ ! R
n

corresponding to this unconstrained local minimization problem with starting point
x0 2 R

n is defined by the solution of the initial value problem

Px.t/ D �rf .x.t//; x.0/ D x0;

where rf W Rn ! R
n denotes the gradient of the objective function f .

In the following theorem, we summarize some important properties of the above
initial value problem.

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1 2,
© Springer Science+Business Media New York 2012
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Theorem 2.1 Consider

f W Rn ! R; n 2 N; f 2 C 2.Rn;R/; x0 2 R
n;

and let the set
Lf;x0 WD fx 2 R

nI f .x/ � f .x0/g
be bounded, then we have the following:

(i) The initial value problem

Px.t/ D �rf .x.t//; x.0/ D x0;

has a unique solution x W Œ 0; 1/ ! R
n.

(ii) Either
x � x0 iff rf .x0/ D 0

or
f .x.t C h// < f .x.t// for all t; h 2 Œ 0; 1/; h > 0:

(iii) There exists a point xstat 2 R
n with

lim
t!1 f .x.t// D f .xstat/ and rf .xstat/ D 0:

Proof. Since Lf;x0 D fx 2 R
nI f .x/ � f .x0/g is bounded and f 2 C 2.Rn;R/, the

set Lf;x0 is compact and there exists a r > 0 such that

fx 2 R
nI f .x/ � f .x0/g � fx 2 R

nI kxk2 � rg:

Setting

g W Rn ! R
n; x 7!

8
<

:

rf .x/ if kxk2 � r

rf
�

rx
kxk2

�
if kxk2 > r

;

we consider the initial value problem

Pz.t/ D �g.z.t//; z.0/ D x0:

Since g is globally Lipschitz continuous with some Lipschitz constant L > 0, we
can prove existence and uniqueness of a solution z W Œ 0; 1/ ! R

n of this initial
value problem using the fixed point theorem of Banach. Therefore, we choose any
T > 0 and investigate the integral form

z.t/ D x0 �
tZ

0

g.z.�//d�; t 2 Œ 0; T �:
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Let C 0.Œ 0; T �;Rn/ be the set of all continuous functions u W Œ 0; T � ! R
n and

K W C 0.Œ 0; T �;Rn/ ! C 0.Œ 0; T �;Rn/;

K.u/.t/ D x0 �
tZ

0

g.u.�//d�; t 2 Œ 0; T �:

Obviously, each solution of the initial value problem

Pz.t/ D �g.z.t//; z.0/ D x0; t 2 Œ 0; T �

is a fixed point zT of K and vice versa. With

d W C 0.Œ 0; T �;Rn/�C 0.Œ 0; T �;Rn/ ! R; .u; v/ 7! max
t2Œ0;T �

�ku.t/ � v.t/k2e�2Lt
�

;

it is well known that .C 0.Œ 0; T �;Rn/; d / is a complete metric space.
The calculation

kK.u/.t/ � K.v/.t/k2e
�2Lt D

�
�
�
�
�
�

tZ

0

.g.v.�// � g.u.�///d�

�
�
�
�
�
�

2

e�2Lt

�
tZ

0

kg.v.�// � g.u.�//k2d� � e�2Lt

D
tZ

0

kg.v.�// � g.u.�//k2e
�2L� e2L�d� � e�2Lt

� L

tZ

0

kv.�/ � u.�/k2e
�2L� e2L�d� � e�2Lt

� L � d.u; v/

tZ

0

e2L�d� � e�2Lt

D L � d.u; v/
1

2L

�
e2Lt � 1

�
e�2Lt

� L

2L
d.u; v/ D 1

2
d.u; v/; t 2 Œ 0; T �

shows that

d.K.u/; K.v// � 1

2
d.u; v/
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so that the fixed point theorem of Banach is applicable. Consequently, we have
found a unique solution zT W Œ 0; T � ! R

n of

Pz.t/ D �g.z.t//; z.0/ D x0

for all T > 0, and this gives us a unique solution z W Œ 0; 1/ ! R
n of

Pz.t/ D �g.z.t//; z.0/ D x0:

Now, we assume
rf .x0/ 6D 0

(if rf .x0/ D 0, there is nothing to do) and consider the function

Pf .z.	// W Œ 0; 1/ ! R; t 7! d

dt
f .z.t// .D �rf .z.t//>g.z.t///

(one-sided differential quotient for t D 0). For t D 0, we obtain

Pf .z.0// D �rf .x.0//>g.x.0// D �rf .x.0//>rf .x.0// < 0:

Since Pf .z.	// is continuous, either there exists a smallest � > 0 with

Pf .z.�// D 0

or
Pf .z.t// < 0 for all t 2 Œ 0; 1/:

If such a � > 0 exists, then z.t/ 2 Lf;x0 for all t 2 Œ 0; � �, and the initial value
problem

Pw.t/ D g.w.t// .D rf .w.t///; w.0/ D z.�/; t 2 Œ 0; � �

has to have two different solutions

w1 W Œ 0; � � ! R
n; t 7! z.�/

w2 W Œ 0; � � ! R
n; t 7! z.� � t/

which is a contradiction to the Lipschitz continuity of g. Hence,

Pf .z.t// < 0 for all t 2 Œ 0; 1/

and therefore,

z.t/ 2 fx 2 R
nI f .x/ � f .x0/g for all t 2 Œ 0; 1/:
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Consequently, the unique solution

x W Œ 0; 1/ ! R
n

of the initial value problem

Px.t/ D �rf .x.t//; x.0/ D x0

is given by
x D z

(part (i) of the theorem). From

Pf .x.t// < 0 for all t 2 Œ 0; 1/;

we obtain

f .x.t C h// < f .x.t// for all t; h 2 Œ 0; 1/; h > 0

(part(ii) of the theorem).
Since

x.t/ 2 fx 2 R
nI f .x/ � f .x0/g for all t 2 Œ 0; 1/;

we get immediately for all t 2 Œ 0; 1/

f .x.0// � f .x.t// � min
y2fx2RnI f .x/�f .x0/g

ff .y/g > �1

by the fact that
fx 2 R

nI f .x/ � f .x0/g
is compact and that f is continuous. Since f .x.t// is monotonically decreasing in
t and bounded from below, there exists a M 2 R with

lim
t!1 f .x.t// D M:

Therefore,

M � f .x0/ D
1Z

0

Pf .x.t//dt D �
1Z

0

krf .x.t//k2
2dt:

From this equation and the fact that

krf .x.t//k2
2 > 0 for all t > 0
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follows the existence of a sequence fx.tk/gk2N with

0 � tk < tkC1; k 2 N; lim
k!1 tk D 1; and lim

k!1 rf .x.tk// D 0:

Since
x.tk/ 2 fx 2 R

nI f .x/ � f .x0/g for all k 2 N;

there exists a convergent subsequence fx.tkj /gj 2N with

1 � kj < kj C1; j 2 N; lim
j !1 kj D 1; and lim

j !1 x.tkj / D xstat:

Finally, we get

lim
j !1 f .x.tkj // D M D f .xstat/ and rf .xstat/ D 0:

q.e.d.

The curve of steepest descent given by

Px.t/ D �rf .x.t//; x.0/ D x0

is regular because kPx.t/k2 > 0 for all t 2 Œ 0; 1/. Therefore, it is common to
consider reparametrizations:

(i) Unit speed curve of steepest descent with rf .x.0// 6D 0:

y0.s/ D � rf .y.s//

krf .y.s//k2

; y.0/ D x0

with arc length S between y.s0/ and y.s1/:

S D
s1Z

s0

ky0.s/k2ds D
s1Z

s0

1ds D s1 � s0:

(ii) Curve of steepest descent according to objective function values with
rf .x.0// 6D 0:

v0.�/ D � rf .v.�//

krf .v.�//k2
2

; v.0/ D x0
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with

f .v.�1// � f .v.�0// D
�1Z

�0

d

d�
f .v.�//d� D

�1Z

�0

.�1/d� D �0 � �1:

The application of reparametrizations to nonlinear programming is discussed in
[SchäWar90].

A characteristic of a curve is its curvature, which measures the curve’s local
deviation from a straight line, for any curve point P. The curvature of a twice
continuously differentiable curve

x W Œ0; 1/ ! R
2; t 7! x.t/

is defined by (see, e.g., [Tho78]):

� W Œ0; 1/ ! R; t 7! Px1.t/ Rx2.t/ � Rx1.t/ Px2.t/

. Px1.t/2 C Px2.t/2/
3
2

:

We demonstrate the relevance of curvature by two examples.

Example 2.2. Consider the local minimization problem

locmin
x

8
ˆ̂
<̂

ˆ̂
:̂

1

2
x>

�
1:5 �0:5

�0:5 1:5

�

„ ƒ‚ …
M

x

9
>>>=

>>>;

with starting point x0 D
�

2

0

�

:

The curve of steepest descent is given by

Px.t/ D �
�

1:5 �0:5

�0:5 1:5

�

x.t/ .D �Mx.t// ; x.0/ D
�

2

0

�

with unique solution (Fig. 2.1)

x W Œ0; 1/ ! R
2; t 7!

�
e�t C e�2t

e�t � e�2t

�

:

The curvature � of this curve is shown in Fig. 2.2. Note that

0 < �.t/ < 1:5; t 2 Œ0; 1/:
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Fig. 2.1 Curve of steepest descent, Example 2.2
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Fig. 2.2 Curvature, Example 2.2
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Fig. 2.3 Curve of steepest descent, Example 2.3

Example 2.3. Now, we investigate the local minimization problem

locmin
x

8
ˆ̂
<̂

ˆ̂
:̂

1

2
x>

�
500:5 �499:5

�499:5 500:5

�

„ ƒ‚ …
M

x

9
>>>=

>>>;

with starting point x0 D
�

2

0

�

:

In this case, the curve of steepest descent is given by

Px.t/ D �
�

500:5 �499:5

�499:5 500:5

�

x.t/ .D �Mx.t// ; x.0/ D
�

2

0

�

with unique solution

x W Œ0; 1/ ! R
2; t 7!

�
e�t C e�1000t

e�t � e�1000t

�

:
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Fig. 2.4 Curvature, Example 2.3

The maximum curvature at Ot 
 0:008 with �.Ot / 
 275 (Fig. 2.4) corresponds to the
sharp bend of the curve in Fig. 2.3.

In general, it is not possible to compute a curve of steepest descent analytically.
Therefore, we summarize numerical approximations of the curve of steepest descent
in the next section. It turns out that the optimal choice of a numerical approximation
of a curve of steepest descent depends essentially on the curvature of this curve.

2.2 Numerical Analysis

A self-evident approach for the numerical solution of the initial value problem

Px.t/ D �rf .x.t//; x.0/ D x0;

is given by the Euler method. Assume that one has computed an approximation
xapp.Nt / of x.Nt/. The Euler method with step size h > 0 defines

xapp.Nt C h/ D xapp.Nt/ � hrf .xapp.Nt//

as an approximation of x.Nt C h/. This method arises from the replacement of

NtChZ

Nt
rf .x.t//dt with hrf .x.Nt//
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in the integral form

x.Nt C h/ D xapp.Nt/ �
NtChZ

Nt
rf .x.t//dt

of the initial value problem

Px.t/ D �rf .x.t//; x.Nt/ D xapp.Nt /:

In terms of nonlinear programming, the Euler method is called method of steepest
descent, where the step size h is chosen such that

f .xapp.Nt C h// < f .xapp.Nt//:

The Euler method is exact, if

rf .x.	// W ŒNt ; Nt C h� ! R
n; t 7! rf .x.t//

is a constant function. In this case, the curvature of the curve of steepest descent is
identical to zero on ŒNt ; Nt C h�. Coming back to Example 2.3

locmin
x

8
ˆ̂
<̂

ˆ̂
:̂

1

2
x>

�
500:5 �499:5

�499:5 500:5

�

„ ƒ‚ …
M

x

9
>>>=

>>>;

with starting point x0 D
�

2

0

�

;

we show that the Euler method requires small step sizes in general (caused by the
curvature of the curve of steepest descent). Using the Euler method with constant

step size h > 0, one obtains with I2 D
�

1 0

0 1

�

:

xapp.0 C ih/ D xapp.0 C .i � 1/h/ � hMxapp.0 C .i � 1/h/

D .I2 � hM/xapp.0 C .i � 1/h/

D .I2 � hM/i

�
2

0

�

:
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While lim
t!1 x.t/ D

�
0

0

�

, the sequence fxapp.0 C ih/gi2N converges to

�
0

0

�

iff

j1 � h�1j < 1 and j1 � h�2j < 1

where �1 D 1 and �2 D 1000 are the eigenvalues of M. Hence, the sequence

fxapp.0 C ih/gi2N converges to

�
0

0

�

iff 0 < h < 0:002 (an analogous calculation

leads to 0 < h < 1 in Example 2.2).
In order to avoid these difficulties, one replaces

NtChZ

Nt
rf .x.t//dt with hrf .x.Nt C h//

in the integral form

x.Nt C h/ D xapp.Nt/ �
NtChZ

Nt
rf .x.t//dt

of the initial value problem

Px.t/ D �rf .x.t//; x.Nt/ D xapp.Nt/;

which leads to the implicit Euler method. Applying this method to

Px.t/ D �
�

500:5 �499:5

�499:5 500:5

�

x.t/ .D �Mx.t// ; x.0/ D
�

2

0

�

yields
xapp.0 C ih/ D xapp.0 C .i � 1/h/ � hMxapp.0 C ih/

or alternatively,

xapp.0 C ih/ D .I2 C hM/�1xapp.0 C .i � 1/h/

D .I2 C hM/�i

�
2

0

�

:

Now, the sequence fxapp.0 C ih/gi2N converges to

�
0

0

�

iff

j1 C h�1j > 1 and j1 C h�2j > 1
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with �1 D 1 and �2 D 1;000 which means that there is no restriction on the step
size any longer. Unfortunately, the implicit Euler method requires us to solve

xapp.Nt C h/ D xapp.Nt/ � hrf .xapp.Nt C h//

or equivalently

xapp.Nt C h/ C hrf .xapp.Nt C h// � xapp.Nt/ D 0

which is a system of nonlinear equations in general. Considering the function

F W Rn ! R
n; z 7! z C hrf .z/ � xapp.Nt /;

the linearization of F at xapp.Nt/ is given by

LF W Rn ! R
n; z 7! hrf .xapp.Nt // C �

In C hr2f .xapp.Nt//� .z � xapp.Nt //;

where In denotes the n-dimensional identity matrix and r2f W Rn ! R
n;n is the

Hessian of f . The equation

xapp.Nt C h/ C hrf .xapp.Nt C h// � xapp.Nt/ D 0

is equivalent to
F.xapp.Nt C h// D 0:

Replacing F by LF leads to

hrf .xapp.Nt // C �
In C hr2f .xapp.Nt //� .xapp.Nt C h/ � xapp.Nt// D 0

or equivalently

xapp.Nt C h/ D xapp.Nt / �
�

1

h
In C r2f .xapp.Nt //

��1

rf .xapp.Nt //

for suitable h > 0 (small enough such that
�

1
h

In C r2f .xapp.Nt//� is positive definite).
This method is called semi-implicit Euler method and is closely related to the trust
region method in nonlinear programming. In 1944, the addition of a multiple of
the identity matrix to the Hessian as a stabilization procedure in the context of the
solution of nonlinear least-squares problems appears to be published (in [Lev44])
for the first time by K. Levenberg (see [Conn.etal00] for a detailed description of
trust region methods and their history). Furthermore,

lim
h!1 �

�
1

h
In C r2f .xapp.Nt//

��1

rf .xapp.Nt// D � �r2f .xapp.Nt //��1 rf .xapp.Nt //

for positive definite Hessian r2f .xapp.Nt //. This is the Newtonian search direction.



Chapter 3
Unconstrained Global Optimization

3.1 A Randomized Curve of Steepest Descent

After a short discussion of local optimization, we investigate the following uncon-
strained global minimization problem:

globmin
x

ff .x/g; f W Rn ! R; n 2 N; f 2 C 2.Rn;R/:

In other words, we have to compute a point xgl 2 R
n such that

f .x/ � f .xgl/ for all x 2 R
n:

It is not reasonable to develop methods for solving unconstrained global minimiza-
tion problems neglecting the existence of powerful methods solving unconstrained
local minimization problems. Therefore, we are only interested in computing a
suitable starting point close enough to a global minimum point in order to apply
a local minimizing procedure.

Let the objective function f W Rn ! R be such that

Z

Rn

exp

�
�2f .x/

�2

�
dx < 1

for some � > 0. In this case, the function

�f W Rn ! R; x 7!
exp

�
� 2f .x/

�2

�
R
Rn

exp
�
� 2f .x/

�2

�
dx

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1 3,
© Springer Science+Business Media New York 2012
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Fig. 3.1 Objective function f

can be interpreted as a Lebesgue density function of an n-dimensional real-valued
random variable Xf . We illustrate the main relationship between f and �f in the
following example.

Example 3.1. The objective function

f W R2 ! R; .x; y/> 7! 6x2 C 6y2 � cos.12x/ � cos.12y/ C 2

has 25 isolated minimum points with the unique global minimum point at the origin
(Figs. 3.1 and 3.2).

Figure 3.3 shows the corresponding Lebesgue density function �f .

The smaller the function value of f , the larger the function value of �f and
finally the likelihood of Xf . If we would be able to generate realizations of the
random variable Xf , we would be able to generate suitable starting points for local
minimization procedures to compute a global minimum point of f . Unfortunately,
there is no easy way to compute realizations of Xf in general. Therefore, we will use
a dynamical system representing a suitable randomization of the curve of steepest
descent in order to compute realizations of Xf . For that, we have to introduce n-
dimensional Brownian Motion.

Let

˝ WD C 0.Œ 0; 1/;Rn/
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Fig. 3.2 Contour lines of f

Fig. 3.3 Lebesgue density function �f

be the set of all continuous functions ! W Œ 0; 1/ ! R
n (for t D 0, continuity from

the right). We define a metric d˝ on ˝ by

d˝ W ˝ � ˝ ! R; .!1; !2/ 7!
1X

mD1

1

2m
min

�
max

0�t�m
k!1.t/ � !2.t/k2; 1

�
:

With B.˝/, we denote the smallest �-field containing all open subsets of ˝ with
respect to the topology defined by the metric d˝ . Using the Borel �-field B.Rn/

which is defined by all open subsets of Rn in the topology given by the Euclidean
norm, we obtain B.˝/-B.Rn/-measurable functions:

Bt W ˝ ! R
n; ! 7! !.t/; t 2 Œ 0; 1/:
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There is a uniquely defined probability measure W on B.˝/ (the so-called
Wiener measure) fulfilling the following conditions, where N .e; ˙ / denotes the
n-dimensional Gaussian distribution with expectation e and covariance matrix ˙

(see, e.g., [KarShr08]):

(i) W.f! 2 ˝I B0.!/ D 0g/ D 1.
(ii) For all 0 � t0 < t1 < : : : < tk , k 2 N, the random variables

Bt0 ; Bt1 � Bt0 ; : : : ; Btk � Btk�1

are stochastically independent.
(iii) For every 0 � s < t , the random variable Bt � Bs is N .0; .t � s/In/ Gaussian

distributed.

The stochastic process fBtgt2Œ 0;1/ is called n-dimensional Brownian Motion.
Based on the Wiener space, we will now investigate a stochastic process fXtgt2Œ 0;1/,

Xt W ˝ ! R
n; t 2 Œ 0; 1/;

given by

Xt .!/ D x0 �
tZ

0

rf .X� .!//d� C � .Bt .!/ � B0.!// ; ! 2 ˝;

where x0 2 R
n and � > 0 are fixed. This process can be interpreted as a randomized

curve of steepest descent, where the curve of steepest descent in integral form is
given by

x.t/ D x0 �
tZ

0

rf .x.�//d�; t 2 Œ 0; 1/;

as noted above. The balance between steepest descent represented by

x0 �
tZ

0

rf .X� .!//d�

and a purely random search using Gaussian distributed random variables

Bt .!/ � B0.!/

is controlled by the parameter �.
In Sect. 2.1, we investigated the curve of steepest descent under weak assump-

tions on the objective function. In order to analyze the randomized curve of steepest
descent, it is necessary again to formulate weak assumptions on the objective
function:
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Assumption 3.2 There exists a real number � > 0 such that

x>rf .x/ � 1 C n�2

2
maxf1; krf .x/k2g

for all x 2 fz 2 R
nI kzk2 > �g for some � 2 R; � > 0.

This assumption describes a special behavior of f outside a ball with radius �, for
which only the existence is postulated. Starting at the origin, the objective function
f has to increase sufficiently fast along each straight line outside the mentioned ball.
Therefore, each function f 2 C 2.Rn;R/ fulfilling Assumption 3.2 has at least one
global minimum point xgl within the ball fz 2 R

nI kzk2 � �g. The converse is not
true as the sin-function shows. The fact that only the existence of some possibly
very large � > 0 is postulated ensures the weakness of this assumption.

In the theory of partial differential equations (see, e.g., [RenRog04]), g W Rn !
R

n is called a coercive function if

lim
kxk2!1

x>g.x/

kxk2

D 1:

The following alternative formulation of Assumption 3.2:

There exists a real number � > 0 such that

x>rf .x/

kxk2

� 1 C n�2

2
max

�
1

kxk2

;
krf .x/k2

kxk2

�

for all x 2 fz 2 R
nI kzk2 > �g for some � 2 R; � > 0

shows the relation of these two conditions on g and rf .
If Assumption 3.2 is not fulfilled, one can try to use an auxiliary objective

function Nf of the following type:

Nf W Rn ! R; x 7! f .x/ C
�
P
�
kxk2

2 � c
��m

; m 2 N; m � 3; c 2 R; c > 0;

where

P W R ! R; x 7!
�

x for x > 0

0 for x � 0
:

For Nf , we obtain:

• Nf 2 C 2.Rn;R/.

• Nf .x/ D f .x/ for all x 2
n
z 2 R

nI kzk2
2 � c

o
.

• Nf .x/ > f .x/ for all x 2
n
z 2 R

nI kzk2
2 > c

o
.
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The practicability of Nf instead of f is shown by

x>r Nf .x/ D x>rf .x/ C 2m
�
P
�
kxk2

2 � c
��m�1 kxk2

2:

In the following theorem, we study properties of the randomized curve of steepest
descent.

Theorem 3.3 Consider

f W Rn ! R; n 2 N; f 2 C 2.Rn;R/

and let the following Assumption 3.2 be fulfilled:

There exists a real number � > 0 such that

x>rf .x/ � 1 C n�2

2
maxf1; krf .x/k2g

for all x 2 fz 2 R
nI kzk2 > �g for some � 2 R; � > 0,

then we obtain:

(i) Using the Wiener space .˝;B.˝/; W / and � > 0 from Assumption 3.2, the
integral equation

X.t; !/ D x0 �
tZ

0

rf .X.�; !//d� C� .Bt .!/ � B0.!// ; t 2 Œ 0; 1/; ! 2 ˝

has a unique solution X W Œ 0; 1/ � ˝ ! R
n for each x0 2 R

n.
(ii) For each t 2 Œ 0; 1/, the mapping

Xt W ˝ ! R
n; ! 7! X.t; !/

is an n-dimensional random variable (therefore, B.˝/ � B.Rn/ measurable)
and its probability distribution is given by a Lebesgue density function

pt W Rn ! R

with

lim
t!1 pt .x/ D

exp
�
� 2f .x/

�2

�
R
Rn

exp
�
� 2f .x/

�2

�
dx

for all x 2 R
n:
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The pointwise convergence of the Lebesgue density functions pt to

�f W Rn ! R; x 7!
exp

�
� 2f .x/

�2

�
R
Rn

exp
�
� 2f .x/

�2

�
dx

can be interpreted as follows:
The randomized curve of steepest descent can be interpreted as a machine

learning scheme for the computation of pseudorandom vectors according to the
probability distribution given by �f using evaluations of rf (or higher derivatives)
and using the computation of standard Gaussian distributed pseudorandom numbers
as inputs. This will be done by the numerical approximation of a path of the
randomized curve of steepest descent.
For lucidity of the proof of Theorem 3.3, we first prove two lemmata.

Lemma 3.4 Let
g W Rn ! R

n

be a globally Lipschitz-continuous function with Lipschitz constant L > 0, and let

B W Œ 0; 1/ ! R
n

be a continuous function; then the integral equation

x.t/ D x0 �
tZ

0

g.x.�//d� C B.t/; t 2 Œ 0; 1/;

has a unique solution

x W Œ 0; 1/ ! R
n

for each x0 2 R
n.

Proof. Since g is globally Lipschitz-continuous with Lipschitz constant L > 0, we
prove existence and uniqueness of a solution x W Œ0; 1/ ! R

n of the considered
integral equation using the fixed point theorem of Banach. Let C 0.Œ 0; T �;Rn/ be
the set of all continuous functions u W Œ 0; T � ! R

n, and

K W C 0.Œ 0; T �;Rn/ ! C 0.Œ 0; T �;Rn/;

K.u/.t/ D x0 �
tZ

0

g.u.�//d� C B.t/; t 2 Œ 0; T �:

Obviously, each solution xT of

z.t/ D x0 �
tZ

0

g.z.�//d� C B.t/; t 2 Œ 0; T �
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is a fixed point of K and vice versa. With

d W C 0.Œ 0; T �;Rn/�C 0.Œ 0; T �;Rn/ ! R; .u; v/ 7! max
t2Œ0;T �

�ku.t/�v.t/k2e�2Lt
	

;

.C 0.Œ 0; T �;Rn/; d / is a complete metric space as mentioned before.
Again, the calculation

kK.u/.t/ � K.v/.t/k2e
�2Lt D








tZ

0

.g.v.�// � g.u.�///d�








2

e�2Lt

�
tZ

0

kg.v.�// � g.u.�//k2d� � e�2Lt

D
tZ

0

kg.v.�// � g.u.�//k2e
�2L� e2L�d� � e�2Lt

� L

tZ

0

kv.�/ � u.�/k2e
�2L� e2L�d� � e�2Lt

� L � d.u; v/

tZ

0

e2L�d� � e�2Lt

D L � d.u; v/
1

2L

�
e2Lt � 1

	
e�2Lt

� L

2L
d.u; v/ D 1

2
d.u; v/; t 2 Œ 0; T �

shows that

d.K.u/; K.v// � 1

2
d.u; v/;

and that the fixed point theorem of Banach is applicable. Consequently, we have
found a unique solution xT W Œ 0; T � ! R

n of

z.t/ D x0 �
tZ

0

g.z.�//d� C B.t/; t 2 Œ 0; T �

for all T > 0, and this gives us a unique solution x W Œ 0; 1/ ! R
n of

x.t/ D x0 �
tZ

0

g.x.�//d� C B.t/; t 2 Œ0; 1/;

q.e.d.
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Lemma 3.5 Let f 2 C 2.Rn;R/ and � > 0 such that Assumption 3.2 is fulfilled,
then Z

Rn

exp

�
�2f .x/

�2

�
dx < 1:

Proof. For every y 2 R
n; kyk2 6D 0, we obtain for � > �

rf

�
�

y
kyk2

�>
�

y
kyk2

� 1 C n�2

2

and therefore
d

d�
f

�
�

y
kyk2

�
� 1 C n�2

2�
:

Integration over Œ�; 	�, 	 > �, with respect to � , leads to

f

�
	

y
kyk2

�
� 1 C n�2

2
ln.	/ � 1 C n�2

2
ln.�/ C f

�
�

y
kyk2

�
:

Let

c WD min
kyk26D0

�
f

�
�

y
kyk2

��
:

For every x 2 fz 2 R
nI kzk2 > �g, there exists a unique 	 > � and a unique y 2 R

n

with

x D 	
y

kyk2

:

We obtain:

f .x/ � 1 C n�2

2
ln .kxk2/ C c � 1 C n�2

2
ln.�/

for all x 2 fz 2 R
nI kzk2 > �g. This inequality is equivalent to

exp

�
�2f .x/

�2

�
� c1kxk�n� 1

�2

2

with

c1 D exp

�
1 C n�2

�2
ln.�/ � 2c

�2

�
:
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Integration leads to

Z

Rn

exp

�
�2f .x/

�2

�
dx D

Z

fz2RnI kzk2��g
exp

�
�2f .x/

�2

�
dx

C
Z

fz2RnI kzk2>�g
exp

�
�2f .x/

�2

�
dx

�
Z

fz2RnI kzk2��g
exp

�
�2f .x/

�2

�
dx

C
Z

fz2RnI kzk2>�g
c1kxk�n� 1

�2

2 dx

< 1

using n-dimensional polar coordinates for the computation of

Z

fz2RnI kzk2>�g
c1kxk�n� 1

�2

2 dx:

q.e.d.

Proof of Theorem 3.3. Using

g W Rn ! R
n; x 7!

8<
:

rf .x/ if kx � x0k2 � r

rf
�

x0 C r.x�x0/

kx�x0k2

�
if kx � x0k2 > r

; r > 0;

we consider the integral equation

Z.t; !/ D x0 �
tZ

0

g .Z.�; !// d� C � .Bt .!/ � B0.!// ; t 2 Œ 0; 1/; ! 2 ˝:

Since g is globally Lipschitz-continuous with Lipschitz constant L > 0, and since
each path of a Brownian Motion is continuous, the application of Lemma 3.4 for
each ! 2 ˝ shows the existence and uniqueness of a solution

Z W Œ 0; 1/ � ˝ ! R
n

of the above integral equation.
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Now, we have to consider the connection between the function Z and the integral
equation

X.t; !/ D x0 �
tZ

0

rf .X.�; !//d� C � .Bt .!/ � B0.!// ; t 2 Œ 0; 1/; ! 2 ˝:

Therefore, we introduce the functions

sr W ˝ ! R [ f1g;

! 7!
8<
:

inf ft � 0I kZ.t; !/ � x0k2 � rg if ft � 0I kZ.t; !/ � x0k2 � rg 6D ;
1 if ft � 0I kZ.t; !/ � x0k2 � rg D ;

for every r > 0. Using sr , it is obvious that the set of functions

˚
Zjsr

W Œ 0; sr .!// ! R
n; t 7! Z.t; !/I ! 2 ˝

�

defines the unique solution of

X.t; !/ D x0�
tZ

0

rf .X.�; !//d�C� .Bt .!/�B0.!// ; t 2 Œ 0; sr .!//; ! 2 ˝:

Hence, we have to show that

lim
r!1 sr .!/ D 1 for all ! 2 ˝:

For every ! 2 ˝ , we obtain a monotonically increasing function

s! W Œ 0; 1/ ! R [ f1g; r 7! sr .!/:

Now, we assume the existence of O! 2 ˝ such that

lim
r!1 s O!.r/ D lim

r!1 sr . O!/ D s < 1:

In order to lead this assumption to a contradiction, we consider the function

k W .0; s/! R; t 7! d

dt

�
1

2
kZ.t; O!/�� .Bt . O!/�B0. O!//C� .Bs. O!/�B0. O!//k2

2

�
:

Choosing Nt 2 Œ 0; s/ such that

• kZ.Nt ; O!/k2 > � (� from Assumption 3.2),
• k� .Bs. O!/ � Bt . O!//k2 < 1Cn�2

4
for all t 2 Œ Nt ; s/,
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we obtain for all t 2 Œ Nt ; s/ with kZ.t; O!/k2 > �

k.t/ D � .Z.t; O!/ C � .Bs. O!/ � Bt . O!///> rf .Z.t; O!//

D �Z.t; O!/>rf .Z.t; O!// � � .Bs. O!/ � Bt . O!//> rf .Z.t; O!//

� �1 C n�2

2
maxf1; krf .Z.t; O!//k2g C 1 C n�2

4
krf .Z.t; O!//k2

D �1 C n�2

4
.maxf2; 2krf .Z.t; O!//k2g � krf .Z.t; O!//k2/

D �1 C n�2

4
maxf2 � krf .Z.t; O!//k2; krf .Z.t; O!//k2g

� �1 C n�2

4
< 0:

Consequently, for all t 2 Œ Nt ; s/ holds:

kZ.t; O!/k2 D kZ.t; O!/ C � .Bs. O!/ � Bt . O!// � � .Bs. O!/ � Bt . O!//k2

� kZ.t; O!/ C � .Bs. O!/ � Bt . O!//k2 C k� .Bs. O!/ � Bt . O!//k2

D kZ.t; O!/ � � .Bt . O!/ � B0. O!// C � .Bs. O!/ � B0. O!//k2

Ck� .Bs. O!/ � Bt . O!//k2

� kZ.Nt ; O!/k2 C max
Nt�t�s

fk� .Bs. O!/ � B0. O!// � � .Bt . O!/ � B0. O!//k2g

C1 C n�2

4
:

This is a contradiction to

lim
r!1 kZ.sr . O!/; O!/ � x0k2 D 1

and the proof of the first part of the theorem is finished.
Now, we choose t 2 .0; 1/, m 2 N, and tj WD j t

m
, j D 0; : : : ; m.

Since
Xt W ˝ ! R

n; ! 7! Xt .!/

is the limit of a fixed point iteration

Xt .!/ D lim
k!1 Xk

t .!/

with

• X0
t W ˝ ! R

n; ! 7! x0,

• Xk
t W ˝ ! R

n; ! 7! x0 �
tR

0

rf
�
Xk�1

� .!/
	

d� C � .Bt .!/ � B0.!//,
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and since

tZ

0

rf
�
Xk�1

� .!/
	

d� D lim
m!1

mX
j D1

rf
�

Xk�1
tj �1

.!/
�

.tj � tj �1/;

each function Xt is B.˝/ � B.Rn/ measurable. Existence and properties of the
Lebesgue density functions pt are proven by Lemma 3.5 in combination with the
analysis of the Cauchy problem for parabolic equations (see, e.g. [Fried06], Chap. 6,
Sect. 4). q.e.d.

From Theorem 3.3, we know that choosing any starting point x0 2 R
n, the

numerical computation of a path

X Q! W Œ 0; 1/ ! R
n; t 7! Xt . Q!/

with

Xt . Q!/ D x0 �
tZ

0

rf .X� . Q!//d� C � .Bt . Q!/ � B0. Q!// ; t 2 Œ 0; 1/

leads to a realization of Xf with Lebesgue density function

�f W Rn ! R; x 7!
exp

�
� 2f .x/

�2

�
R
Rn

exp
�
� 2f .x/

�2

�
dx

:

Furthermore, we obtain from the stability theory of stochastic differential equations
(see [Has80], Chap. 3, Theorem 7.1):

Theorem 3.6 Let

f W Rn ! R; n 2 N; f 2 C 2.Rn;R/;

and let Assumption 3.2 be fulfilled. Choose any r > 0 and let xgl be any global
minimum point of f . Using

• The Wiener space .˝;B.˝/; W /,
• Any � > 0 from Assumption 3.2,
• The integral equation

X.t; !/ D x0�
tZ

0

rf .X.�; !//d�C� .Bt .!/�B0.!// ; t 2 Œ 0; 1/; ! 2 ˝

with unique solution X according to Theorem 3.3,
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• The stopping time

st W ˝ ! R [ f1g;

! 7!
8<
:

inf
˚
t � 0I kX.t; !/�xglk2 � r

�
if

˚
t � 0I kX.t; !/�xglk2 � r

� ¤ ;
1 if

˚
t � 0I kX.t; !/�xglk2 � r

�D;
;

we obtain the following results:

(i) W.f! 2 ˝I st.!/ < 1g/ D 1.
(ii) For the expectation of st holds

E.st/ < 1:

Theorem 3.6 shows that almost all paths of the stochastic process fXtgt2Œ 0;1/

generated by

Xt .!/ D x0 �
tZ

0

rf .X� .!//d� C � .Bt .!/ � B0.!// ; t 2 Œ 0; 1/; ! 2 ˝

approximate each global minimum point of f with arbitrary accuracy in finite time.

3.2 Concepts of Numerical Analysis

As pointed out above, the solution of

Xt . Q!/ D x0 �
tZ

0

rf .X� . Q!//d� C � .Bt . Q!/ � B0. Q!//

can be interpreted as a path of a randomized curve of steepest descent, where the
curve of steepest descent in integral form is given by

x.t/ D x0 �
tZ

0

rf .x.�//d�; t 2 Œ 0; 1/:

The balance between steepest descent represented by

x0 �
tZ

0

rf .X� . Q!//d�
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and a purely random search using Gaussian distributed random variables
represented by

Bt . Q!/ � B0. Q!/

is controlled by the parameter �.
The optimal choice of � > 0 (such that Assumption 3.2 is fulfilled) depends

on the scaling of the objective function and has to be guided by the following
considerations:

• If a long time is spent on the chosen path close to (local) minimum points of the
objective function, then local minimization dominates and � has to be increased.

• If minimum points of the objective function play no significant role along the
path, then purely random search dominates and � has to be decreased.

One can try to replace the parameter � with a function

� W Œ 0; 1/ ! R; t 7! �.t/

such that

1. �.t/ > 0 for all t � 0,
2. lim

t!1 �.t/ D 0,

hoping that the Lebesgue density function

�f W Rn ! R; x 7!
exp

�
� 2f .x/

�2

�
R
Rn

exp
�
� 2f .x/

�2

�
dx

will converge pointwise to the point measure on all global minimum points (cooling
strategy). But this strategy will only work if

• �.0/ > C , where C is a constant depending on f .
• lim

t!1 �2.t/ ln.t/ > 0:

If one of these conditions is not fulfilled, we find only local minimum points in
general (as shown in [GemHwa86]).

Since almost all paths of the stochastic process fXtgt2Œ 0;1/ are continuous but
nowhere differentiable, classical strategies of step size control in numerical analysis
are not applicable. Therefore, a step size control based on following principle is
used:

Using a computed approximation xapp.Nt ; Q!/ of a path at Nt , an approximation
xapp.Nt C h; Q!/ is computed twice, in one step with step size h and in two steps
with step sizes h

2
. If both approximations are close enough to each other, the step is

accepted; otherwise, the approach must be repeated with h
2

instead of h. This step
size control is based on the assumption that the exact solution is sufficiently close
to the computed approximations, if these approximations are close enough to each
other.



36 3 Unconstrained Global Optimization

3.3 A Semi-implicit Euler Method

In this section, we investigate a semi-implicit Euler method for the numerical
solution of

Xt . Q!/ D x0 �
tZ

0

rf .X� . Q!//d� C � .Bt . Q!/ � B0. Q!// ; t 2 Œ 0; 1/:

The implicit Euler method based on an approximation xapp.Nt ; Q!/ of XNt . Q!/ leads to a
system

xapp.Nt C h; Q!/ D xapp.Nt ; Q!/ � hrf .xapp.Nt C h; Q!// C � .BNtCh. Q!/ � BNt . Q!//

or equivalently

xapp.Nt C h; Q!/ � xapp.Nt ; Q!/ C hrf .xapp.Nt C h; Q!// � � .BNtCh. Q!/ � BNt . Q!// D 0

of nonlinear equations in general. We consider the linearization of

F W Rn ! R
n; z 7! z � xapp.Nt ; Q!/ C hrf .z/ � � .BNtCh. Q!/ � BNt . Q!// ;

at xapp.Nt ; Q!/, which is given by

LF W Rn ! R
n;

z 7! hrf .xapp.Nt ; Q!// C �
In C hr2f .xapp.Nt ; Q!//

	
.z � xapp.Nt ; Q!//

�� .BNtCh. Q!/ � BNt . Q!// :

Solving LF D 0 instead of F D 0 leads to

xapp.Nt C h; Q!/ D xapp.Nt ; Q!/

�
�

1

h
In C r2f .xapp.Nt ; Q!//

��1 �
rf .xapp.Nt ; Q!// � �

h
.BNtCh. Q!/ � BNt . Q!//

�

for small enough h > 0 (at least such that
�

1
h

In C r2f .xapp.Nt ; Q!//
	

is positive
definite).

Since .BNtCh � BNt / is a N .0; hIn/ Gaussian distributed random variable, the
numerical evaluation of �

h
.BNtCh. Q!/ � BNt . Q!// can be done by algorithmic gener-

ation of n stochastically independent N .0; 1/ Gaussian distributed pseudorandom
numbers p1; : : : ; pn 2 R. Hence, the vector �

h
.BNtCh. Q!/ � BNt . Q!// can be realized by

�

h
.BNtCh. Q!/ � BNt . Q!// D �p

h

0
B@

p1

:::

pn

1
CA :



3.3 A Semi-implicit Euler Method 37

Assume that we have computed xapp.h; Q!/ by a step with fixed step size h based on
the starting point x0 2 R

n as described above:

xapp.h; Q!/ D x0 �
�

1

h
In C r2f .x0/

��1

0
B@rf .x0/ � �p

h

0
B@

p1

:::

pn

1
CA
1
CA :

Prima facie, the choice of Q! 2 ˝ is left to the computer by computing
p1; : : : ; pn 2 R. But let us consider the set

˝h WD f! 2 ˝I Xh.!/ D Xh. Q!/g:

Apparently, the vector xapp.h; Q!/ is not only an approximation of Xh. Q!/ but also of
Xh.!/ for all ! 2 ˝h. Consequently, the computation of p1; : : : ; pn 2 R does not
cause a determination of Q! 2 ˝ but only a reduction of ˝ to ˝h.

Assume that we would like to compute xapp.2h; Q!/ by a step with fixed step size h

based on the point xapp.h; Q!/. Therefore, we have to compute again n stochastically
independent N .0; 1/ Gaussian distributed pseudorandom numbers q1; : : : ; qn 2 R

and

xapp.2h; Q!/ D xapp.h; Q!/

�
�

1

h
In C r2f .xapp.h; Q!//

��1

0
B@rf .xapp.h; Q!// � �p

h

0
B@

q1

:::

qn

1
CA
1
CA :

Since the random variables .B2h �Bh/ and .Bh �B0/ are stochastically independent,
it is allowed to compute q1; : : : ; qn independent of p1; : : : ; pn. The vector xapp.2h; Q!/

is a numerical approximation of X2h.!/ for all ! 2 ˝2h with

˝2h WD f! 2 ˝I Xh.!/ D Xh. Q!/ and X2h.!/ D X2h. Q!/g:

Since the function
Xt . Q!/ W Œ 0; 1/ ! R

n

is continuous but nowhere differentiable for almost all Q! 2 ˝ , classical strategies
of step size control in numerical analysis are not applicable. Therefore, we present
a step size control based on the principle introduced in the last section. Beginning
with a starting value hmax for h such that

�
1

hmax

In C r2f .xapp.Nt ; Q!//

�
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is positive definite, we compute

Qx
�

Nt C hmax

2

�
WD xapp

�
Nt C hmax

2
; Q!
�

D xapp.Nt ; Q!/

�
 

1
hmax

2

In C r2f .xapp.Nt ; Q!//

!�1

0
B@rf .xapp.Nt ; Q!// � �q

hmax
2

0
B@

p1

:::

pn

1
CA
1
CA ;

Qx1 .Nt C hmax/ WD x1
app .Nt C hmax; Q!/ D Qx

�
Nt C hmax

2

�

�
 

1
hmax

2

InCr2f

�
Qx
�

Nt C hmax

2

��!�1

0
B@rf

�
Qx
�

Nt C hmax

2

��
� �q

hmax
2

0
B@

q1

:::

qn

1
CA
1
CA ;

and

Qx2 .Nt C hmax/ WD x2
app .Nt C hmax; Q!/ D xapp.Nt ; Q!/

�
�

1

hmax

In C r2f .Qx .Nt //
��1

0
B@rf .xapp.Nt ; Q!// � �p

2hmax

0
B@

p1 C q1

:::

pn C qn

1
CA
1
CA ;

The vectors Qx1 .Nt C hmax/ and Qx2 .Nt C hmax/ represent two numerical approximations
of XNtChmax

. Q!/. The approximation Qx1 .Nt C hmax/ is computed by two hmax
2

steps
based on xapp.Nt ; Q!/ and using the random numbers p1; : : : ; pn for the first step and
q1; : : : ; qn for the second step.

The approximation Qx2 .Nt C hmax/ is computed by one hmax step based on xapp.Nt ; Q!/

and using the random numbers p1; : : : ; pn and q1; : : : ; qn. This is necessary because
we have to compute different approximations of the same path. Chosen any ı > 0,
we accept Qx1 .Nt C hmax/ as a numerical approximation of XNtChmax

. Q!/ if

kQx1 .Nt C hmax/ � Qx2 .Nt C hmax/ k2 < ı:

Otherwise, we have to repeat the step size procedure with h D hmax
2

(Fig. 3.4).
The following algorithm describes a semi-implicit Euler method for the compu-

tation of

X�. Q!/ W Œ 0; 1/ ! R
n; t 7! Xt . Q!/:
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h

xapp(t,ω)¯

¯

˜

˜

˜

˜

x t̄ + 2

t̄ + hmax

hmax

2
¯

<δ

x̃1(t + hmax)

t + hmax

x2(t + hmax)

¯

¯

t,ω

Fig. 3.4 Step size control

Step 0: (Initialization)

Choose x0 2 R
n and �; ı > 0,

Choose maxit 2 N,
j WD 0,
goto step 1.

In step 0, the starting point x0, the parameter � according to

assumption 3.2, the parameter ı > 0 according to the step size

control, and the maximal number of iterations have to be

determined by the user.

Step 1: (Derivatives)

h WD 1,
compute rf .xj /; r2f .xj /,
goto step 2.

The initial value hmax of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)

Compute 2n stochastically independent N .0; 1/ Gaussian distributed
pseudorandom numbers p1; : : : pn; q1; : : : ; qn 2 R,
goto step 3.

In this step, the choice of the path is determined successively

by the computer.

Step 3: (Cholesky Decomposition)

If
�

1
h

In C r2f
�
xj

		 2 R
n;n is positive definite,
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then
compute L 2 R

n;n such that:
LL> D �

1
h

In C r2f
�
xj

		
(Cholesky),

goto step 4.
else

h WD h
2
,

goto step 3.

Step 4: (Computation of x2
j C1 by one step with step size h)

Compute x2
j C1 by solving

LL>x2
j C1 D

0
B@rf

�
xj

	 � �p
2h

0
B@

p1 C q1

:::

pn C qn

1
CA
1
CA ;

x2
j C1 WD xj � x2

j C1,
goto step 5.

x2
jC1 is computed by a step with starting point xj using the step

size h.

Step 5: (Cholesky Decomposition)

Compute L 2 R
n;n such that:

LL> D �
2
h

In C r2f
�
xj

		
,

goto step 6.

The matrix
�

2
h

In C r2f
�
xj

		
is obviously positive definite.

Step 6: (Computation of x h
2
)

Compute x h
2

by solving

LL>x h
2

D

0
B@rf

�
xj

	 � �p
h
2

0
B@

p1

:::

pn

1
CA
1
CA ;

x h
2

WD xj � x h
2
,

goto step 7.
x h

2
is computed by a step with starting point xj using the step

size h
2
.

Step 7: (Derivatives)

Compute rf .x h
2
/; r2f .x h

2
/,

goto step 8.

Step 8: (Cholesky Decomposition)

If
�

2
h

In C r2f
�

x h
2

��
2 R

n;n is positive definite,
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then
compute L 2 R

n;n such that:

LL> D
�

2
h

In C r2f
�

x h
2

��
(Cholesky),

goto step 9.
else

h WD h
2
,

goto step 3.

Step 9: (Computation of x1
j C1 by two steps with step size h

2
)

Compute x1
j C1 by solving

LL>x1
j C1 D

0
B@rf

�
x h

2

�
� �p

h
2

0
B@

q1

:::

qn

1
CA
1
CA ;

x1
j C1 WD x h

2
� x1

j C1,

goto step 10.

x1
jC1 is computed by a step with starting point x h

2
using the step

size h
2
.

Step 10: (Acceptance condition)

If kx1
j C1 � x2

j C1k2
< ı,

then
xj C1 WD x1

j C1,
print

�
j C 1; xj C1; f

�
xj C1

		
,

goto step 11.
else

h WD h
2
,

goto step 3.

Step 11: (Termination condition)

If j C 1 < maxit,
then

j WD j C 1,
goto step 1.

else
STOP.

The point
xs 2 fx0; x1; : : : ; xmaxitg

with the smallest function value is chosen as a starting point for a local minimization
procedure.
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Fig. 3.5 Path of the randomized curve of steepest descent and contour lines, Problem 1, � D 1,
1;500 points

Now, we apply this algorithm to eight global minimization problems. The first
problem serves as an example for the visualization of the numerical results.

Problem 1. n D 2 (Example 3.1)

globmin
x

˚
f W R2 ! R; x 7! 6x2

1 C 6x2
2 � cos 12x1 � cos 12x2 C 2

�
;

This problem has 25 isolated minimum points within the box Œ�1; 1� � Œ�1; 1� with
six different function values. Starting at .�1; 1/> (very close to a local minimum
point with the largest function value), Figs. 3.5–3.7 show a typical behavior of a
path of the randomized curve of steepest descent (numerically approximated using
the semi-implicit Euler method) in combination with

• Contour lines of the objective function
• Graph of the objective function
• Graph of the appropriate Lebesgue density function

Figure 3.8 shows a path with an � too large.
This looks like purely random search using Gaussian distributed pseudorandom

vectors without minimization part.
Now, we consider an � too small (Figs. 3.9 and 3.10).
Figures 3.8, 3.9, and 3.10 show the importance of the possibility to match the

free parameter � to the global minimization problem.
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Fig. 3.6 Path of the randomized curve of steepest descent and objective function, Problem 1,
� D 1, 1;500 points

Fig. 3.7 Path of the randomized curve of steepest descent and Lebesgue density, Problem 1,
� D 1, 1;500 points
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Fig. 3.8 Path of the randomized curve of steepest descent and contour lines, Problem 1, � D 5,
1;500 points
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Fig. 3.9 Path of the randomized curve of steepest descent and contour lines, Problem 1, � D 0:3,
1;500 points
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Fig. 3.10 Path of the randomized curve of steepest descent and objective function, Problem 1,
� D 0:3, 1;500 points

Problem 2. n D 90

f W R90 ! R; x 7! 9:5x2
1 � cos.19x1/ C 792

90X
iD3

.3xi C sin2.xi�1//
2

C
q

3 C 12x2
2 � 2 cos.12x2/ � 12x2

2 cos.12x2/ C 36x4
2 � sin2.12x2/

This objective function has 35 isolated minimum points with function values less
than 17. The unique global minimum point is given by xgl D 0 with f .xgl/ D 0.

� D 5; ı D 0:1.

Chosen number of iterations: maxit D 500.

x0 is chosen as a local minimum point with the largest function value.

xs denotes the computed starting point for local minimization.

Results:f .xs/ D 0:1.

Number of gradient evaluations: 1,246.

Number of Hessian evaluations: 1,246.

Local minimization leads to the global minimum point.
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Problem 3. n D 100

f W R100 ! R; x 7! 6x2
100 � cos.12x100/ C 980

97X
iD1

.xi � x2
iC2/

2

C 15x2
99 � 2:5 cos.12x99/ C 18x2

98 � 3 cos.12x98/ C 6:5

This objective function has 125 isolated minimum points with function values less
than 21. The unique global minimum point is given by xgl D 0 with f .xgl/ D 0.

� D 3:5; ı D 0:1.

Chosen number of iterations: maxit D 3;000.

x0 is chosen as a local minimum point with the largest function value.

xs denotes the computed starting point for local minimization.

Results: f .xs/ D 0:27.

Number of gradient evaluations: 6,160.

Number of Hessian evaluations: 6,160.

Local minimization leads to the global minimum point.

Now, we consider test problems from linear complementarity theory (see
[Cottle.etal92]), which plays a very important role in game theory (computation
of Nash equilibrium points (cf. [Owen68] and [Schäfer08])), and free boundary
value problems (see [Crank84] and [Has.etal05]):

Given c 2 R
n and C 2 R

n;n, find any x 2 R
n such that:

.c C Cx/>x D 0

xi � 0 i D 1; : : : ; n (LCP)

.c C Cx/i � 0 i D 1; : : : ; n:

Using

P W R ! R; x 7!
�

x for x > 0

0 for x � 0
;

the first idea to solve (LCP) may consist in the investigation of unconstrained global
optimization problems of the following type:

globmin
x

(
c>x C x>Cx C 


 
nX

iD1

.P.�xi //
4 C

nX
iD1

.P.�.c C Cx/i //
4

!)
;
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u
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Fig. 3.11 Contour lines of f , LCP with two solutions, n D 2

where 
 > 0. Unfortunately, the objective function

g W Rn ! R; x 7! c>x C x>Cx C 


 
nX

iD1

.P.�xi //
4 C

nX
iD1

.P.�.c C Cx/i //
4

!

is not bounded from below in general. Therefore, we use the following objective
function (again with 
 > 0):

f W Rn ! R;

x 7!
q

1C �
c>xCx>Cx

	2�1C


 
nX

iD1

.P.�xi //
4 C

nX
iD1

.P.�.cCCx/i //
4

!
;

with

• f .x/ � 0 for all x 2 R
n.

• x� solves (LCP) iff f .x�/ D 0.

Example 3.7. We consider two examples with n D 2 visualized in Figs. 3.11–3.14:

The method of Best and Ritter [BesRit88] is chosen as a local minimization
procedure of the quadratic problem

locmin
x

fc>x C x>CxI xi � 0 i D 1; : : : ; n

.c C Cx/i � 0 i D 1; : : : ; ng:
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Fig. 3.12 Objective function f , LCP with two solutions, n D 2
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Fig. 3.13 Contour lines of f , LCP with no solution, n D 2
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Fig. 3.14 Objective function f , LCP with no solution, n D 2

The following numerical results can be found in [Schä95] (with 
 D 1;000).

Problem 4. n D 30

x�
2k > 0 is chosen randomly, k D 1; : : : ; 15.

x�
2k�1 D 0, k D 1; : : : ; 15.

C 2 R
30;30 is computed by pseudorandom numbers.

c2k D �.Cx�/2k , k D 1; : : : ; 15.

c2k�1 is chosen randomly such that c2k�1 � �.Cx�/2k�1, k D 1; : : : ; 15.

x0 is chosen far away from x�, f .x0/ D 2:8 � 1010.

� D 2; ı D 0:1.

Chosen number of iterations: maxit D 1;000.

xs denotes the computed starting point for local minimization.

xgl denotes the computed global minimum point.

Results: f .xs/ D 20:7, f .xgl/ D 6:7 � 10�5.
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Problem 5. n D 40

x�
2k > 0 is chosen randomly, k D 1; : : : ; 20.

x�
2k�1 D 0, k D 1; : : : ; 20.

C 2 R
40;40 is computed by pseudorandom numbers.

c2k D �.Cx�/2k , k D 1; : : : ; 20.

c2k�1 is chosen randomly such that c2k�1 � �.Cx�/2k�1, k D 1; : : : ; 20.

x0 is chosen far away from x�, f .x0/ D 2:6 � 1010.

� D 2; ı D 0:1.

Chosen number of iterations: maxit D 1;000.

xs denotes the computed starting point for local minimization.

xgl denotes the computed global minimum point.

Results: f .xs/ D 31:6, f .xgl/ D 4:7 � 10�5.

Problem 6. n D 50

x�
2k > 0 is chosen randomly, k D 1; : : : ; 25.

x�
2k�1 D 0, k D 1; : : : ; 25.

C 2 R
50;50 is computed by pseudorandom numbers.

c2k D �.Cx�/2k , k D 1; : : : ; 25.

c2k�1 is chosen randomly such that c2k�1 � �.Cx�/2k�1, k D 1; : : : ; 25.

x0 is chosen far away from x�, f .x0/ D 2:3 � 1010.

� D 2; ı D 0:1.

Chosen number of iterations: maxit D 1;000.

xs denotes the computed starting point for local minimization.

xgl denotes the computed global minimum point.

Results: f .xs/ D 40:8, f .xgl/ D 8:9 � 10�6.

Problem 7. n D 60

x�
2k > 0 is chosen randomly, k D 1; : : : ; 30.

x�
2k�1 D 0, k D 1; : : : ; 30.

C 2 R
60;60 is computed by pseudorandom numbers.



3.3 A Semi-implicit Euler Method 51

c2k D �.Cx�/2k , k D 1; : : : ; 30.

c2k�1 is chosen randomly such that c2k�1 � �.Cx�/2k�1, k D 1; : : : ; 30.

x0 is chosen far away from x�, f .x0/ D 3:8 � 1010.

� D 2; ı D 0:1.

Chosen number of iterations: maxit D 1;000.

xs denotes the computed starting point for local minimization.

xgl denotes the computed global minimum point.

Results: f .xs/ D 54:2, f .xgl/ D 2:7 � 10�5.

Problem 8. n D 70

x�
2k > 0 is chosen randomly, k D 1; : : : ; 35.

x�
2k�1 D 0, k D 1; : : : ; 35.

C 2 R
70;70 is computed by pseudorandom numbers.

c2k D �.Cx�/2k , k D 1; : : : ; 35.

c2k�1 is chosen randomly such that c2k�1 � �.Cx�/2k�1, k D 1; : : : ; 35.

x0 is chosen far away from x�, f .x0/ D 4:0 � 1010.

� D 2; ı D 0:1.

Chosen number of iterations: maxit D 1;000.

xs denotes the computed starting point for local minimization.

xgl denotes the computed global minimum point.

Results: f .xs/ D 66:4, f .xgl/ D 1:2 � 10�5.

A collection of linear complementarity problems discussed in the literature is
published in the Handbook of Test Problems in Local and Global Optimization
([Flo.etal99], Chap. 10). The maximal dimension of these problems is n D 16.

It is important to see that the efficiency of the semi-implicit Euler method apparently
does not depend on the dimension of the problem. This is a very atypical property
of a global optimization procedure.

On the other hand, the proposed approach may not work for unconstrained
global minimization problems with a huge number of local minimum points as the
following example shows.
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Example 3.8. Considering

gn W Rn ! R; x 7!
nX

iD1

.4x2
i � cos.8xi / C 1/;

Assumption 3.2 is fulfilled for all � > 0 and we know that each function gn has
3n isolated minimum points and a unique global minimum point at x D 0 (cf.
Example 1.1).

The region of attraction to the unique global minimum point is approximately
given by Œ�0:4; 0:4�n.

Choosing � D p
2 and using the probability distribution given by the Lebesgue

density function

�gn W Rn ! R; x 7! exp .�gn.x//R
Rn

exp .�gn.x// dx
;

the probability for the region of attraction of the global minimum point is

pgn WD

R
Œ�0:4;0:4�n

exp .�gn.x// dx

R
Rn

exp .�gn.x// dx
� 0:8n:

This probability decreases exponentially with the exponential growth of the number
of isolated local minimum points.

3.4 An Euler Method with Gradient Approximations

In this section, we investigate an Euler method for the numerical solution of

Xt . Q!/ D x0 �
tZ

0

rf .X� . Q!//d� C � .Bt . Q!/ � B0. Q!// ; t 2 Œ 0; 1/:

This Euler method is based on an approximation xapp.Nt ; Q!/ of XNt . Q!/ and is given by

xapp.Nt C h; Q!/ D xapp.Nt ; Q!/ � hrf .xapp.Nt ; Q!// C � .BNtCh. Q!/ � BNt . Q!//

approximating the gradient by centered differences

Df .x.t; Q!// D

0
BB@

f .x.t; Q!/1C�;x.t; Q!/2:::;x.t; Q!/n/�f .x.t; Q!/1��;x.t; Q!/2;:::;x.t; Q!/n/

2�

:::
f .x.t; Q!/1;:::;x.t; Q!/n�1;x.t; Q!/nC�/�f .x.t; Q!/1;:::;x.t; Q!/n�1;x.t; Q!/n��/

2�

1
CCA :

We arrive at the following algorithm, which uses only function values.
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Step 0: (Initialization)

Choose x0 2 R
n and �; ı; � > 0,

Choose maxit 2 N,
j WD 0,
goto step 1.

In step 0, the starting point x0, the parameter � according to

Assumption 3.2, the parameter ı > 0 according to the step size

control, the parameter � > 0 according to the approximation of the

gradient information, and the maximal number of iterations have

to be determined by the user.

Step 1: (Gradient Approximation)

h WD 1,
compute Df .xj /

goto step 2.

The initial value hmax of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)

Compute 2n stochastically independent N .0; 1/ Gaussian distributed
pseudorandom numbers p1; : : : pn; q1; : : : ; qn 2 R,
goto step 3.

In this step, the choice of the path is determined successively

by the computer.

Step 3: (Computation of x2
j C1 by one step with step size h)

x2
j C1 WD xj � hDf .xj / C �

q
h
2

0
B@

p1 C q1

:::

pn C qn

1
CA.

goto step 4.

x2
jC1 is computed by a step with starting point xj using the step

size h.

Step 4: (Computation of x h
2
)

x h
2

WD xj � h
2
Df .xj / C �

q
h
2

0
B@

p1

:::

pn

1
CA.

goto step 5.
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x h
2
is computed by a step with starting point xj using the step

size h
2
.

Step 5: (Gradient Approximation)

compute Df .x h
2
/

goto step 6.

Step 6: (Computation of x1
j C1 by two steps with step size h

2
)

x1
j C1 WD x h

2
� h

2
Df .x h

2
/ C �

q
h
2

0
B@

q1

:::

qn

1
CA.

goto step 7.

x1
jC1 is computed by a step with starting point x h

2
using the step

size h
2
.

Step 7: (Acceptance condition)

If kx1
j C1 � x2

j C1k2
< ı,

then
xj C1 WD x1

j C1,

print
�
j C 1; xj C1; f

�
xj C1

		
,

goto step 8.
else

h WD h
2
,

goto step 3.

Step 7: (Termination condition)
If j C 1 < maxit,

then
j WD j C 1,
goto step 1.

else
STOP.

The point
xs 2 fx0; x1; : : : ; xmaxitg

with the smallest function value is chosen as a starting point for a local minimization
procedure. The following numerical results are summarized in [Bar97].
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Problem 9. n D 80

f W R80 ! R; x 7! 2C12x2
80 � 2 cos.12x80/C720

79X
iD1

.xi �sin.cos.xiC1/�1//2:

This objective function has five isolated minimum points with function values less
than 16. The unique global minimum point is given by xgl D 0 with f .xgl/ D 0.

� D 0:5; ı D 0:5; � D 10�6.

Chosen number of iterations: maxit D 300.

x0 D .10; : : : ; 10/>, f .x0/ D 1:1 � 104.

xs denotes the computed starting point for local minimization.

Results: f .xs/ D 3:8565, kxsk2

80
D 0:024.

Number of function evaluations: 144,781.

Local minimization leads to the global minimum point.

Problem 10. n D 70

f W R70 ! R; x 7! 1000

70X
iD2

.xi � ln.x2
i�1 C 1//2 � 1 C

C
q

3 C 19x2
1 � 2 cos.19x1/ � 19x2

1 cos.19x1/ C 90:25x4
1 � sin2.19x1/

This objective function has 7 isolated minimum points with function values less than
12. The unique global minimum point is given by xgl D 0 with f .xgl/ D 0.

� D 3:5; ı D 1:0; � D 10�6.

Chosen number of iterations: maxit D 1;000.

x0 D .10; : : : ; 10/>, f .x0/ D 2 � 106.

xs denotes the computed starting point for local minimization.

Results: f .xs/ D 302:7, kxsk2

70
D 0:00811.

Number of function evaluations: 422,681.

Local minimization leads to the global minimum point.



Chapter 4
Application: Optimal Decoding
in Communications Engineering

4.1 Channel Coding

In digital communications, the transmission of information is technically realized by
the transmission of vectors u 2 f˙1gk of information bits. Since such a transmission
is physically disturbed by noise, one has to ensure that the probability of receiving
a wrong value for ui , i D 1; : : : ; k, is as small as possible. This can be achieved by
the addition of n � k redundant bits to u 2 f˙1gk. Therefore, we transmit a vector
c 2 C � f˙1gn with ci D ui ; i D 1; : : : ; k, where C denotes the set of all code
words. For the choice of the additional n� k components, the algebraic structure of
f˙1g given by the two commutative operations ˚ and ˇ with

�1 ˚ �1 D C1
C1 ˚ C1 D C1
C1 ˚ �1 D �1
�1 ˇ �1 D �1
C1 ˇ �1 D C1
C1 ˇ C1 D C1

is used. For each i 2 fk C 1; : : : ; ng, a set Ji � f1; : : : ; kg is chosen and ci is
computed by

ci D
M

j2Ji
uj ; i D k C 1; : : : ; n:

The optimal choice of the number .n�k/ and of the sets JkC1; : : : ; Jn � f1; : : : ; kg
is the purpose of channel coding (see, e.g., [vanLint98]). Let us consider a Hamming
code with k D 4, n D 7, J5 D f2; 3; 4g, J6 D f1; 3; 4g, and J7 D f1; 2; 4g, for
instance. The information bit u1 can be found triply in a code word c 2 C:

(i) Directly in c1 D u1
(ii) Indirectly in c6 D u1 ˚ u3 ˚ u4

(iii) Indirectly in c7 D u1 ˚ u2 ˚ u4

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1 4,
© Springer Science+Business Media New York 2012
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The information bit u2 can be found triply in a code word c 2 C:

(i) Directly in c2 D u2
(ii) Indirectly in c5 D u2 ˚ u3 ˚ u4

(iii) Indirectly in c7 D u1 ˚ u2 ˚ u4

The information bit u3 can be found triply in a code word c 2 C:

(i) Directly in c3 D u3
(ii) Indirectly in c5 D u2 ˚ u3 ˚ u4

(iii) Indirectly in c6 D u1 ˚ u3 ˚ u4

Finally, the information bit u4 can be found four times in a code word c 2 C:

(i) Directly in c4 D u4,
(ii) Indirectly in c5 D u2 ˚ u3 ˚ u4

(iii) Indirectly in c6 D u1 ˚ u3 ˚ u4
(iv) Indirectly in c7 D u1 ˚ u2 ˚ u4

This Hamming code consists of the following jCj D 16 code words:

C1C 1C 1C 1j C 1C 1C 1 C 1C 1C 1 � 1j � 1 � 1� 1

C1C 1 � 1C 1j � 1� 1C 1 C 1C 1 � 1 � 1j C 1C 1 � 1
C1 � 1C 1C 1j � 1C 1 � 1 C 1 � 1C 1 � 1j C 1 � 1C 1

C1 � 1 � 1C 1j C 1� 1 � 1 C 1 � 1 � 1 � 1j � 1C 1C 1

�1C 1C 1C 1j C 1 � 1 � 1 � 1C 1C 1 � 1j � 1C 1C 1

�1C 1 � 1C 1j � 1C 1 � 1 � 1C 1 � 1 � 1j C 1 � 1C 1

�1 � 1C 1C 1j � 1 � 1C 1 � 1 � 1C 1 � 1j C 1C 1 � 1

�1 � 1 � 1C 1j C 1C 1C 1 � 1 � 1 � 1 � 1j � 1 � 1 � 1

A measure of the difference between two code words is the number of positions in
which they differ. This measure is called

Hamming distance d W f˙1gn � f˙1gn ! f0; : : : ; ng:

The minimum distance dmin of a code is given by

dmin WD min
ci ;cj2C; ci 6Dcj

fd.ci ; cj /g:

The minimum distance of our Hamming code is dmin D 3. Therefore, if there occurs
only one error during the transmission of a code word c 2 C, this error can be
corrected. In general, with the largest natural number L such that
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L � dmin � 1

2
;

L errors in a code word can be corrected.

4.2 Decoding

The transmission of a binary vector c 2 C leads to a received vector y 2 R
n caused

by random noise. Depending on the stochastical properties of random noise, the
problem consists in the reconstruction of the first k bits of c using the fact that the
information contained in these first k bits is redundantly contained in the last n � k
bits of c also. There is a widely used channel model in digital communications,
which is called AWGN model (Additive White Gaussian Noise), and which is given
as follows (see [Proa95]).

The received vector y 2 R
n is a realization of an n-dimensional Gaussian

distributed random variable Y with expectation

E.Y/ D c

and covariance matrix

Cov.Y/ D n

2k � SNR
In

based on a probability space .˝;S;P/. The positive constant SNR (signal to noise
ratio) represents the ratio between transmission energy for a single information bit
and noise energy and is a measure for transmission costs. From source coding, we
know that we can interpret u 2 f˙1gk as a realization of a random vector

U W ˝ ! f˙1gk

such that

• The component random variables U1; : : : ; Uk are stochastically independent.
• P.f! 2 ˝I Ui.!/ D C1g/ D P.f! 2 ˝I Ui.!/ D �1g/ D 1

2
for all

i D 1; : : : ; k.

It is not enough to reconstruct the values of u 2 f˙1gk; furthermore, one is
interested in a quantification of the quality of the decision, which can be done in
the following way. Consider

L.i/ WD ln

�
P.f! 2 ˝I Ui.!/ D C1jY.!/ D yg/
P.f! 2 ˝I Ui.!/ D �1jY.!/ D yg/

�
; i D 1; : : : ; k:
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Of course,

L.i/ > 0 leads to the decision ui D C1;
L.i/ < 0 leads to the decision ui D �1;
L.i/ D 0 no decision possible;

where the quality of the descision is measured by jL.i/j. A mathematical analysis
of the problem of the numerical computation of

x WD

0
B@
L.1/
:::

L.k/

1
CA

is done in [Schä97] and [Stu03]. It is shown that the computation of x leads to an
unconstrained global minimization problem with objective function

f W Rk ! R; x 7!
kX

iD1

�
xi � 4k � SNR

n
yi

�2

C
nX

iDkC1

0

BB@ln

0

BB@

1C Q
j2Ji

exp.xj /�1
exp.xj /C1

1 � Q
j2Ji

exp.xj /�1
exp.xj /C1

1

CCA � 4k � SNR

n
yi

1

CCA

2

:

The objective function f is infinitely continuously differentiable, and Assumption
3.2 is fulfilled. For the following numerical analysis, we consider a widely used
class of codes, namely, the BCH(n,k) (Bose–Chaudhuri–Hocquenghem) codes (see
[Proa95]). The information u 2 f˙1gk is chosen randomly. The transmission is sim-
ulated by Gaussian pseudorandom numbers (with predetermined SNR, measured in
[dB]). We compare two decoding methods:

1. BM method: The first step consists in rounding the received vector
y 2 R

n:

yi > 0 H) Nci D C1; i D 1; : : : ; n

yi < 0 H) Nci D �1; i D 1; : : : ; n

yi D 0 H) randomized decision:

In the second step, a code word c 2 C of the used BCH(n,k) code with Hamming
distance

d.Nc; c/ � dmin � 1

2
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is searched. If this code word exists, it is unique, and c1; : : : ; ck represents the
result of decoding. If this code word does not exist, no decision is made. The BM
method is still the standard technique used for this class of problems.

2. Global optimization: Application of the methods of Chap. 3 for the numerical so-
lution of the unconstrained global minimization problem with objective function
f W Rk ! R yields a global minimum point xgl:

xgl;i > 0 H) ui D C1; i D 1; : : : ; k

xgl;i < 0 H) ui D �1; i D 1; : : : ; k

xgl;i D 0 H) randomized decision:

The SNR was kept fixed until at least 100 decoding errors occurred. The ratio

Pb WD number of decoding errors

number of transmitted information bits

versus SNR is shown in the following figures.
The global minimization approach is the best decoding method for BCH codes

up to now. Figures 4.1–4.6 show that using global optimization, we obtain the
same transmission quality (measured in Pb) at a lower SNR in comparison to the
BM method. Note that a reduction of SNR by 1 dB means a reduction of 20%
of transmission costs, a reduction of 2 dB of SNR means a reduction of 37% of
transmission costs, and a reduction of 3 dB of SNR means a reduction of 50%
of transmission costs. On the other hand, for fixed SNR, the global optimization
method leads to a dramatic improvement of the transmission quality in comparison
with the BM method. These effects are caused by the loss of information induced
by rounding of the received vector y 2 R

n in the BM method.
The concatenation of codes is a widely used approach in source coding. In a first

step, k1 information bits w1; : : :wk1 2 f˙1g are encoded in a code word u 2 f˙1gk,
k > k1 (k � k1 redundant bits). In a second step, k bits u1; : : : uk 2 f˙1g are
encoded in a code word c 2 f˙1gn, n > k (n � k redundant bits). Decoding the
concatenation of codes via global optimization can be done in two steps:

1. Decoding of the second code: Using the received vector y 2 R
n, find a global

minimum point xgl of the objective function

f W Rk ! R; x 7!
kX

iD1

�
xi � 4k � SNR

n
yi

�2

C
nX

iDkC1

0

BB@ln

0

BB@

1C Q
j2Ji

exp.xj /�1
exp.xj /C1

1� Q
j2Ji

exp.xj /�1
exp.xj /C1

1

CCA � 4k � SNR

n
yi

1

CCA

2

:
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Pb

SNR

1

10−5

10−4

10−3

10−2

10−1

global optim.

BM method

3dB 4dB 5dB 6dB 7dB

Fig. 4.1 Numerical results: BCH(31,21) code, x 2 R
21

2. Interpreting the vector xgl as a received vector after the first decoding step, the
global minimum point zgl 2 R

k1 of the objective function

f W Rk1 ! R; z 7!
k1X

iD1

�
zi � 4k1 � SNR2

k
.xgl/i

�2

C
kX

iDk1C1

0
BB@ln

0
BB@

1C Q

j2J�

i

exp.zj /�1
exp.zj /C1

1 � Q

j2J�

i

exp.zj /�1
exp.zj /C1

1
CCA � 4k1 � SNR2

k
.xgl/i

1
CCA

2

is the result of decoding the first code and therefore the overall result of the
decoding. The transmission of code word c 2 R

n with signal to noise ratio SNR
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SNR

1

global optim.

BM method

10−5

10−4

10−3

10−2

10−1

Pb

3dB 4dB 5dB 6dB 7dB

Fig. 4.2 Numerical results: BCH(63,45) code, x 2 R
45

leads to a theoretical SNR2 implicitly given by the empirical variance of xgl. The
larger SNR2 as compared to SNR, the better the first decoding step makes use
of the information on bits u1; : : : ; uk indirectly given in ckC1; : : : ; cn. Figures
4.7–4.12 show a comparison of SNR and SNR2 under the assumption that

k1

k
D k

n

for the computed six examples.
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SNR

1

global optim.

BM method

Pb

10−5

10−4

10−3

10−2

10−1

3dB 4dB 5dB 6dB 7dB

Fig. 4.3 Numerical results: BCH(127,99) code, x 2 R
99
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SNR

1

global optim.

BM method

Pb

10−5

10−4

10−3

10−2

10−1

3dB 4dB 5dB 6dB 7dB

Fig. 4.4 Numerical results: BCH(255,191) code, x 2 R
191
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SNR

1

global optim.

BM method

Pb

10−5

10−4

10−3

10−2

10−1

3dB 4dB 5dB 6dB 7dB

Fig. 4.5 Numerical results: BCH(31,16) code, x 2 R
16
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SNR

1

global optim.

BM method

Pb

10−5

10−4

10−3

10−2

10−1

3dB 4dB 5dB 6dB 7dB

Fig. 4.6 Numerical results: BCH(63,30) code, x 2 R
30
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SNR2

SNR

6dB

5dB

4dB

4dB

3dB

3dB

2dB

2dB

1dB

1dB

0dB

0dB

Fig. 4.7 BCH(31,21) code
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SNR

6dB

5dB

4dB

3dB

2dB

1dB

0dB

0dB 1dB 2dB 3dB 4dB

SNR2

Fig. 4.8 BCH(63,45) code
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SNR2

SNR

6dB

5dB

4dB

3dB

2dB

1dB

0dB

0dB 1dB 2dB 3dB 4dB

Fig. 4.9 BCH(127,99) code
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SNR2

SNR

6dB

5dB

4dB

3dB

2dB

1dB
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Fig. 4.10 BCH(255,191) code
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SNR2

SNR

6dB

5dB

4dB

3dB

2dB

1dB

0dB

0dB 1dB 2dB 3dB 4dB

Fig. 4.11 BCH(31,16) code
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SNR2

SNR

6dB

5dB

4dB

3dB

2dB

1dB

0dB

0dB 1dB 2dB 3dB 4dB

Fig. 4.12 BCH(63,30) code



Chapter 5
Constrained Global Optimization

5.1 Introduction

Now, we investigate constrained global minimization problems given as follows:

globmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;

f; hi W Rn ! R; n 2 N; m; k 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k:

We have to compute a point

xgl 2 R WD fx 2 R
nI hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg

such that

f .x/ � f .xgl/ for all x 2 R; where R 6D ; is assumed.

Again, it is not reasonable to develop methods for solving constrained global
minimization problems neglecting the existence of powerful methods solving
constrained local minimization problems. Therefore, we are only interested in
computing a suitable starting point close enough to a global minimum point in order
to apply a local minimizing procedure. A constrained local optimization problem is
given by

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1 5,
© Springer Science+Business Media New York 2012
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locmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;

f; hi W Rn ! R; n 2 N; m; k 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k;

i.e., one has to compute a point xloc 2 R such that

f .x/ � f .xloc/ for all x 2 R \ U.xloc/;

where U.xloc/ � R
n is an open neighborhood of xloc. Now, we consider the Karush–

Kuhn–Tucker conditions for constrained minimization problems (see [Lue84]).

Karush–Kuhn–Tucker Conditions: Let x� 2 R
n be a solution of

locmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;

and let Jx� D fj1; : : : jpg � fm C 1; : : : ; m C kg be the set of indices j for
which

hj .x�/ D 0:

Assume that the gradient vectors of all active constraints in x�

rh1.x�/; : : : ; rhm.x�/; rhj1.x
�/; : : : ; rhjp .x�/

are linearly independent; then there exists a vector � 2 R
m and a vector

� 2 R
k , �mC1; : : : ; �mCk � 0, such that

rf .x�/ C
mX

iD1

�i rhi .x�/ C
mCkX

iDmC1

�i rhi .x�/ D 0

mCkX

iDmC1

�i hi .x�/ D 0

hi .x�/ D 0; i D 1; : : : ; m

hi .x�/ � 0; i D m C 1; : : : ; m C k:
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Any .x; �; �/ 2 R
n � R

m � R
k�0 fulfilling the Karush–Kuhn–Tucker conditions

is called a Karush–Kuhn–Tucker point. Based on the Karush–Kuhn–Tucker condi-
tions, a very popular method solving local constrained minimization problems is the
SQP method.

The idea of the SQP method is to solve the above constrained local minimization
problem by computing a sequence of Karush–Kuhn–Tucker points of special
quadratic minimization problems with linear constraints. Assume

.xp; �p; �p/ 2 R
n � R

m � R
k�0; p 2 N;

then a point .xpC1; �pC1; �pC1/ is computed as a Karush–Kuhn–Tucker point of
the local quadratic minimization problem:

locmin
x

(
f .xp/ C rf .xp/

>
.x � xp/ C 1

2
.x � xp/

> r2f .xp/ .x � xp/

C 1

2
.x � xp/

>
 

mX

iD1

�
p
i r2hi .xp/

!
.x � xp/

C 1

2
.x � xp/>

 
mCkX

iDmC1

�
p
i r2hi .xp/

!
.x � xp/ I

hi .xp/ C rhi .xp/> .x � xp/ D 0; i D 1; : : : ; m

hi .xp/ C rhi .xp/> .x � xp/ � 0; i D m C 1; : : : ; m C k

)
:

The starting point .x0; �0; �0/ 2 R
n � R

m � R
k�0 is chosen arbitrarily. A method

for solving constraint global minimization problems using the SQP approach and
pseudorandom numbers is proposed in [Schn11].

In this chapter, we are going to consider different approaches to solve constrained
global optimization problems based on the two following methods for solving
constrained local minimization problems:

1. Penalty Methods

The idea of penalty methods is to replace a constrained local minimization
problem

locmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;
f; hi W Rn ! R; n 2 N; m; k 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k
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by a sequence of unconstrained global optimization problems with objective
function

fpenalty;cp W Rn ! R; x 7! f .x/ C cp

 
mX

iD1

hi .x/4 C
mCkX

iDmC1

.P .hi .x///4

!

with

P W R ! R; x 7!
�

x for x > 0

0 for x � 0
;

where fcpgp2N0 is a sequence of positive, strictly monotonically increasing real
numbers with

lim
p!1 cp D 1:

For large cp , it is clear that a global minimum point x� of the objective function
fpenalty;cp (if it exists) will be in a region of points x, for which

 
mX

iD1

hi .x/4 C
mCkX

iDmC1

�
P .hi .x//4

�!

is small. Unfortunately, with increasing penalty parameter cp , the global mini-
mization of fpenalty;cp becomes more and more ill-conditioned. Therefore, it is not
advisable to start with a large penalty parameter c0.

Example 5.1. Consider a local minimization problem with objective function

f W Œ6; 10� � Œ0; 10� ! R; x 7! 0:06x2
1 C 0:06x2

2 � cos.1:2x1/ � cos.1:2x2/ C 2:

The appropriate penalty functions are defined by

fpenalty;cp W R2 ! R; x 7! 0:06x2
1 C 0:06x2

2 � cos.1:2x1/ � cos.1:2x2/ C 2

C cp

�
.P.6 � x1//4 C .P.�x2//4 C .P.x1 � 10//4 C .P.x2 � 10//4

�
:

Figures 5.1–5.3 show the curve of steepest descent approximated by the semi-
implicit Euler method with

• Starting point .2; 8/>
• Penalty parameter cp D 0; 1;100

• Number of computed points: 1,500

In this case, the penalty approach leads to a local minimum point on the boundary
of the feasible region.

We will come back to this example in the next section.
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Fig. 5.1 Curve of steepest descent and contour lines, Example 5.1, cp D 0, 1; 500 points

Fig. 5.2 Curve of steepest descent and fpenalty;cpD1, Example 5.1, 1; 500 points
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Fig. 5.3 Curve of steepest descent and fpenalty;cpD100, Example 5.1, 1; 500 points

2. Equality Constraints

Considering a local minimization problem with equality constraints

locmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; mg;
f; hi W Rn ! R; n 2 N; m 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m;

it is possible to investigate the curve of steepest descent projected onto the
differentiable .n � m/-dimensional manifold

M WD fx 2 R
nI hi .x/ D 0; i D 1; : : : ; mg

iff the gradient vectors
rh1.x/; : : : ; rhm.x/

are linearly independent for all x 2 M .
Using

rh.x/ WD .rh1.x/; : : : ; rhm.x// 2 R
n;m; x 2 M;

the matrix

Pr.x/ D In � rh.x/
�rh.x/>rh.x/

��1 rh.x/> 2 R
n;n; x 2 M;
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x̃pr(ti−1)
x̃pr(ti)

ypr(ti)

M

Fig. 5.4 Predictor–corrector method

represents the orthogonal projection onto the tangent space TxM of M in x 2 M .
Starting with a feasible starting point x0 2 M , which can be computed by solving
an unconstrained global minimization problem with objective function

Nf W Rn ! R; x 7!
mX

iD1

hi .x/2

for instance, the projected curve of steepest descent

xpr W Œ 0; 1/ ! R
n

is given by
Pxpr.t/ D �Pr.xpr.t//rf .xpr.t//; x.0/ D x0:

Since x0 2 M and

d

dt
hi .xpr.t// D �rhi .xpr.t//

>Pr.xpr.t//rf .xpr.t//

D �rf .xpr.t//
>Pr.xpr.t//rhi .xpr.t//

D 0 for all t 2 Œ 0; 1/; i D 1; : : : ; m;

we obtain
xpr.t/ 2 M for all t 2 Œ 0; 1/:

Properties of the projected curve of steepest descent analogous to Theorem 2.1 can
be proven.

The numerical approximation of the projected curve of steepest descent consists
of two steps (predictor–corrector method (Fig. 5.4)). Based on an approximation
Qxpr.ti�1/ 2 M of xpr.ti�1/, a first approximation ypr.ti / of xpr.ti / is computed using
numerical methods for ordinary differential equations (e.g., a semi-implicit Euler
method). This is called predictor step. However, ypr.ti / … M in general. Therefore,
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we need a second step to compute Qxpr.ti / 2 M based on ypr.ti / … M (corrector step).
Typically, the point Qxpr.ti / 2 M is assumed to be in the affine space

(
x 2 R

nI x D ypr.ti / C
mX

iD1

˛i rhi .xpr.ti�1//; ˛1; : : : ; ˛m 2 R

)
;

which is orthogonal to the tangent space TQxpr.ti�1/M of M in Qxpr.ti�1/ 2 M .
Hence, the corrector step consists of the computation of a zero of the mapping

c W Rm ! R
m; ˛ 7!

0

BBBBB@

h1

�
ypr.ti / C

mP
iD1

˛i rhi .xpr.ti�1//

�

:::

hm

�
ypr.ti / C

mP
iD1

˛i rhi .xpr.ti�1//

�

1

CCCCCA
:

5.2 A Penalty Approach

Consider the constrained global minimization problem:

globmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;
f; hi W Rn ! R; n 2 N; m; k 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k

with feasible region

R D fx 2 R
nI hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg:

Using

P W R ! R; x 7!
�

x for x > 0

0 for x � 0
;

we investigate unconstrained global minimization problems with objective function

fpenalty;c W Rn ! R; x 7! f .x/ C c

 
mX

iD1

hi .x/4 C
mCkX

iDmC1

.P .hi .x///4

!
; c > 0:
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Now, we introduce the penalty approach proposed in [RitSch94]. In this paper, the
main assumption is formulated as follows:

Assumption 5.2 There exist real numbers c0; �; � > 0 with:

x>rfpenalty;c .x/ � 1 C n�2

2
maxf1; krfpenalty;c.x/k2g

for all x 2 fz 2 R
nI kzk2 > �g and for all c � c0.

Assumption 5.2 means that Assumption 3.2 is fulfilled for all objective functions
fpenalty;c , c � c0, with the same �; � > 0.

In the following theorem, we study properties of the penalty approach.

Theorem 5.3 Consider the constrained global minimization problem

globmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;
f; hi W Rn ! R; n 2 N; m; k 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k

and for each c > 0, the penalty functions

fpenalty;c W Rn ! R; x 7! f .x/ C c

 
mX

iD1

hi .x/4 C
mCkX

iDmC1

.P .hi .x///4

!
:

Let the following Assumption 5.2 be fulfilled:
There exist real numbers c0; �; � > 0 with:

x>rfpenalty;c .x/ � 1 C n�2

2
maxf1; krfpenalty;c.x/k2g

for all x 2 fz 2 R
nI kzk2 > �g and for all c � c0;

then we obtain:

(i) The constrained global minimization problem has a solution.
(ii) For any sequence fcpgp2N0 with

• cpC1 > cp > c0 for all p 2 N,
• lim

p!1 cp D 1,

let x�
p be a global minimum point of fpenalty;cp (the existence is guaranteed by

Assumption 5.2). Then the sequence fx�
pgp2N0 has at least one cluster point,

and each cluster point is a global minimum point of the constrained global
minimization problem.
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Proof. Consider fx�
pgp2N0 . Assumption 5.2 guarantees that

x�
p 2 fz 2 R

nI kzk2 � �g:

Therefore, each sequence fx�
pgp2N0 has at least one cluster point denoted by x�

cl . Let
fx�

pl
gl2N be a subsequence of fx�

pgp2N0 with

pi > pj for all i > j

and with
lim

l!1 x�
pl

D x�
cl :

Assume that

x�
cl … R;

then we get from the definition of fcpgp2N0 and from the fact that R is a closed
subset of Rn:

lim
l!1 fpenalty;cpl

.x�
pl

/ D 1:

On the other hand, we know that

fpenalty;cpl
.x�

pl
/ � inf

x2R
ff .x/g for all l 2 N:

This contradiction leads to
x�

cl 2 R:

Assume that
f .x�

cl / > inf
x2R

ff .x/g;
then we obtain

fpenalty;cpl
.x�

cl / > inf
x2R

ff .x/g for all l 2 N:

Otherwise, we get from fpenalty;cpl
.x�

pl
/ � inf

x2R
ff .x/g for all l 2 N:

fpenalty;cpl
.x�

cl / D fpenalty;cpl

�
lim

i!1 x�
pi

�
� inf

x2R
ff .x/g for all l 2 N:

This contradiction leads to

f .x�
cl / D inf

x2R
ff .x/g:

q.e.d.
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Fig. 5.5 A path of the randomized curve of steepest descent and fpenalty;cpD1, � D 1, 1; 500 points

Now, we come back to Example 5.1 and consider

Problem 11. n D 2

f W Œ6; 10� � Œ0; 10� ! R; x 7! 0:06x2
1 C 0:06x2

2 � cos.1:2x1/ � cos.1:2x2/ C 2

with the appropriate penalty functions

fpenalty;cp W R2 ! R; x 7! 0:06x2
1 C 0:06x2

2 � cos.1:2x1/ � cos.1:2x2/ C 2

C cp

�
.P.6 � x1//4 C .P.�x2//4 C .P.x1 � 10//4 C .P.x2 � 10//4

�
:

The function f has one unique global minimum point at .6; 0/>. Assumption 5.2
is fulfilled for all � > 0. Figures 5.5 and 5.6 show 1,500 points of paths of the
randomized curve of steepest descent with � D 1, starting point .2; 8/>, and cp D
1;100, respectively.

In Sect. 3.3, we have considered linear complementarity problems (LCP) of the
following type:

Given c 2 R
n and C 2 R

n;n, find any x 2 R
n such that

.c C Cx/>x D 0

xi � 0 i D 1; : : : ; n

.c C Cx/i � 0 i D 1; : : : ; n:
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Fig. 5.6 A path of the randomized curve of steepest descent and fpenalty;cpD100, � D 1, 1; 500

points

Each solution of a given (LCP) problem is a solution of the appropriate constrained
global minimization problem

globmin
x

(q
1 C �

c>x C x>Cx
�2 � 1I �xi � 0; i D 1; : : : ; n;

.�c � Cx/i � 0; i D 1; : : : ; n

)

with objective function value equal to zero and vice versa. Using a penalty
approach with c D 1; 000, one has to solve an unconstrained global minimization
problem with objective function

f W Rn ! R; x 7!
q

1 C �
c>x C x>Cx

�2 � 1

C1000

 
nX

iD1

.P.�xi //
4 C

nX

iD1

.P.�.c C Cx/i //
4

!
;

which was done in Sect. 3.3, Problems 4–8.
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5.3 Equality Constraints

In this section, we investigate global minimization problems with equality con-
straints:

globmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; mg;

f; hi W Rn ! R; n 2 N; m 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m:

Again, we assume that

M WD fx 2 R
nI hi .x/ D 0; i D 1; : : : ; mg

is a differentiable .n � m/-dimensional manifold, which is equivalent to the
postulation that the gradient vectors

rh1.x/; : : : ; rhm.x/

are linearly independent for all x 2 M .
Using

rh.x/ WD .rh1.x/; : : : ; rhm.x// 2 R
n;m; x 2 M;

using the projection matrix

Pr.x/ D In � rh.x/
�rh.x/>rh.x/

��1 rh.x/> 2 R
n;n

onto the tangent space TxM of M in x 2 M , and using a feasible starting point
x0 2 M , we have considered the projected curve of steepest descent

Pxpr.t/ D �Pr.xpr.t//rf .xpr.t//; x.0/ D x0;

for local minimization. Analogously to the unconstrained case, we try to solve
global minimization problems with equality constraints by a suitable randomization
of the projected curve of steepest descent. Based on the Wiener space .˝;B.˝/; W /

and an n-dimensional Brownian Motion fBt gt2Œ 0;1/, the first idea may consist in
solving

NXpr.t; !/ D x0 �
tZ

0

Pr. NXpr.�; !//rf . NXpr.�; !//d� C � .Bt .!/ � B0.!//

with t 2 Œ 0; 1/ and ! 2 ˝ , where the role of � has to be clarified. Unfortunately,
NXpr.t; !/ … M in general for each � > 0, t 2 .0; 1/, and ! 2 ˝ . Therefore,
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we have to look for a stochastic process fSt gt2Œ 0;1/ for some � > 0 based on
.˝;B.˝/; W / such that we obtain results analogously to the unconstrained case
using

Xpr.t; !/ D x0 �
tZ

0

Pr.Xpr.�; !//rf .Xpr.�; !//d� C �St .!/

and such that we obtain in particular Xpr.t; !/ 2 M , t 2 Œ 0; 1/, and ! 2 ˝ . This
problem leads to the Fisk–Stratonovich integral in stochastic analysis, which we
introduce now without going into technical details (see [Pro95], for instance).

Let
Yt W ˝ ! R

n;n; t 2 Œ 0; 1/;

be a matrix-valued stochastic process defined on .˝;B.˝/; W / and consider a

sequence
n
t
.q/
0 ; t

.q/
1 ; : : : ; t

.q/
pq

o

q2N of discretizations of the interval Œ0; T �, T > 0

such that

• pi 2 N for all i 2 N,
• pi < pj for i < j ,

• 0 D t
.q/
0 < t

.q/
1 < : : : < t

.q/
pq D T for all q 2 N,

• lim
q!1

�
max

iD1;:::;pq

�
t
.q/
i � t

.q/
i�1

��
D 0,

then we define the Fisk–Stratonovich integral of fYtgt2Œ 0;1/ with respect to the
Brownian Motion fBt gt2Œ 0;1/ by

TZ

0

Yt ı dBt WD L2-lim
q!1

pqX

iD1

Y
t
.q/
i Ct

.q/
i�1

2

�
B

t
.q/
i

� B
t
.q/
i�1

�
;

where L2-lim denotes the component-by-component L2-convergence defined as
follows:

Let f�i gi2N be a real-valued stochastic process defined on the Wiener space
.˝;B.˝/; W / such that

Z
�2

i dW < 1; i 2 N;

and let � be a real-valued random variable defined on the Wiener space
.˝;B.˝/; W / such that Z

�2dW < 1;

then

L2-lim
i!1 �i D � W” lim

i!1

Z
.� � �i /

2dW D 0:
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Note that
TR
0

Yt ı dBt is an n-dimensional random variable on .˝;B.˝/; W /. It is

very important to recognize that in the formula

L2-lim
q!1

pqX

iD1

Y
t
.q/
i Ct

.q/
i�1

2

�
B

t
.q/
i

� B
t
.q/
i�1

�

one has to evaluate fYtgt2Œ 0;1/ exactly at the midpoint t
.q/
i Ct

.q/
i�1

2
of the intervalh

t
.q/
i�1; t

.q/
i

i
. Evaluation at t

.q/
i�1 instead of t

.q/
i Ct

.q/
i�1

2
leads to the well-known Itô

integral, which is widely used in mathematical finance. But, as shown in [Elw82],
only the Fisk–Stratonovich integral guarantees that

Xpr.�; !/ 2 M; � 2 Œ 0; t �; ! 2 ˝;

where

Xpr.t; !/ D x0 �
tZ

0

Pr.Xpr.�; !//rf .Xpr.�; !//d�

C �

tZ

0

Pr.Xpr.�; �// ı dB� .!/

„ ƒ‚ …
DW St .!/

; ! 2 ˝;

and where
Xpr.�; �/ W ˝ ! R

n; ! 7! Xpr.�; !/:

Hence, we have found a suitable randomization of the projected curve of steepest
descent analogously to the unconstrained case. It is shown in [Stö00] that this
approach preserves the properties of the unconstrained case as we summarize in
the following.

It is possible to define a canonical metric

dM W M � M ! R

on M , which induces the canonical inner product in R
n�m on the tangent spaces

TxM of M in x 2 M . Using this metric, we have geodetic lines on M , which play
the role of straight lines in R

n�m, and we have balls

B.x0; r/ WD fx 2 M I dM .x; x0/ � �g; � > 0; x0 2 M
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in M . Therefore, we can try to translate Assumption 3.2 informally to an equivalent
assumption for the manifold M :

Fix x0 2 M . The objective function f has to increase sufficiently fast (growth
controlled by some � > 0) along each geodetic line starting at x0 outside a ball
fx 2 M I dM .x; x0/ � �g, where only the existence of � > 0 is postulated.

A mathematically accurate formulation of an analogon of this informal statement
needs a lot of preliminaries from differential geometry and from the theory of
stochastic differential equations of Fisk–Stratonovich type and is given in [Stö00],
where results analogous to those of Theorems 3.3 and 3.6 are shown for the equality
constrained case and where the following numerical analysis is derived.

Since

TZ

0

Yt ı dBt D L2-lim
q!1

pqX

iD1

Y
t
.q/
i Ct

.q/
i�1

2

�
B

t
.q/
i

� B
t
.q/
i�1

�

D L2-lim
q!1

pqX

iD1

1

2

�
Y

t
.q/
i

C Y
t
.q/
i�1

� �
B

t
.q/
i

� B
t
.q/
i�1

�

for all stochastic processes Y with continuous paths, it is obvious to approximate
the two integrals in

Xpr.t; !/ D x0 �
tZ

0

Pr.Xpr.�; !//rf .Xpr.�; !//d�

C �

tZ

0

Pr.Xpr.�; �// ı dB� .!/

by the trapezoidal rule:

NtChZ

Nt
Pr.Xpr.�; !//rf .Xpr.�; !//d� � h

2

 
Pr.Xpr.Nt ; !//rf .Xpr.Nt ; !//

CPr.Xpr.Nt C h; !//rf .Xpr.Nt C h; !//

!
;

NtChZ

Nt
Pr.Xpr.�; �// ı dB� .!/ � 1

2

 
Pr.Xpr.Nt ; !// C Pr.Xpr.Nt C h; !//

!
	

	 .BNtCh.!/ � BNt .!// :
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Based on an approximation xapp.Nt ; Q!/ of Xpr.Nt ; Q!/, the trapezoidal rule for the
predictor step leads to a system

yapp.Nt C h; Q!/ � xapp.Nt ; Q!/ C h

2

 
Pr.xapp.Nt ; Q!//rf .xapp.Nt ; Q!//

C Pr.yapp.Nt C h; Q!//rf .yapp.Nt C h; Q!//

!

� �

2

 
Pr.xapp.Nt ; Q!// C Pr.yapp.Nt C h; Q!//

!
	

	 .BNtCh. Q!/ � BNt . Q!//

D 0

of nonlinear equations in yapp.Nt Ch; Q!/ in general. Linearization at xapp.Nt ; Q!/ yields a
system of linear equations with the predictor yapp.Nt Ch; Q!/ as solution. The corrector
step is defined by the computation of a zero of

c W Rm ! R
m; ˛ 7!

0
BBBBB@

h1

�
yapp.Nt C h; Q!/ C

mP
iD1

˛i rhi .xapp.Nt ; Q!//

�

:::

hm

�
yapp.Nt C h; Q!/ C

mP
iD1

˛i rhi .xapp.Nt ; Q!//

�

1
CCCCCA

;

which again can be done by linearization techniques.
The idea of step size control is exactly like for the unconstrained case. See

Fig. 5.7 for illustration.
The point Qx1.Nt C h/ is accepted as a numerical approximation of Xpr.Nt C h; Q!/ if

dM

�Qx1.Nt C h/; Qx2.Nt C h/
�

< ı;

which is often replaced by

kQx1.Nt C h/ � Qx2.Nt C h/k2 < ı

for practical reasons.
The first of three problems, which we take from [Stö00], is of low dimension and

serves as an example for the visualization of the numerical results.

Problem 12. n D 3

globmin
x

�
f W R3 ! R; .x1; x2; x3/

> 7! x2
1 C x2

2 I 1 � .x1 � 2/2 � x2
2

9
C x2

3 D 0

	
;
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xapp(t)

y1
app(t + h)

¯

h
2

˜

˜

x (t +

x1 (t + h)

¯

¯
x̃2 (t + h)¯

¯

y2
app(t + h)¯

yapp(t +¯

h
2

M

)

)

Fig. 5.7 Step size control

This problem has three isolated minimum points:

.0; 0;
p

3/> global minimum point; f
�
.0; 0;

p
3/
�

D 0;

.0; 0; �p
3/> global minimum point; f

�
.0; 0; �p

3/
�

D 0;

.3; 0; 0/> local minimum point; f ..3; 0; 0// D 9:

If we interpret the variable x3 as slack variable (the idea of replacing inequalities
by equations with squared variables is published in [McShane73]), this constrained
global optimization problem in three dimensions with one equality constraint results
from the constrained global optimization problem.

Problem 12’. n D 2

globmin
x

�
f 0 W R2 ! R; .x1; x2/> 7! x2

1 C x2
2 I 1 � .x1 � 2/2 � x2

2

9
� 0

	

with one inequality constraint. Problem 12’ has two isolated minimum points:

.0; 0/> global minimum point; f 0 ..0; 0// D 0;

.3; 0/> local minimum point; f 0 ..3; 0// D 9:

The inequality constraint

1 � .x1 � 2/2 � x2
2

9
� 0

excludes an ellipse from the R
2-plane (Fig. 5.8).
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Fig. 5.8 Contour lines of f 0 and the excluded ellipse

The numerical treatment of Problem 12 with
� D 2:0; ı D 0:1

chosen number of iterations: 200

starting point x0 D
�

10; 1;

q
63 C 1

9

�>

leads to results in R
2 shown in Fig. 5.9, neglecting the slack variable x3.

After finding the local minimum point .3; 0/>, the computed path goes on
and passes through the global minimum point .0; 0/>. A second run of the same
algorithm with the same parameters (hence, only another path is chosen) yields the
result shown in Fig. 5.10.

The same type of path is obtained using � D 5 instead of � D 2 (see Fig. 5.11).
If � D 1, then 200 iterations are not enough to leave the local minimum point as

shown in Fig. 5.12.
If � is too large, then purely random search dominates (see Fig. 5.13 with � D

20).
Again, the optimal choice of � depends on scaling properties of the functions

f; h1; : : : ; hmCk. In the next section, we will come back to this example.

Problem 13. n D 20

globmin
x

(
f W R20 ! R; x 7! 5.1 � x1/ � exp

��100.x1 � 0:7/2
�C exp.�9/I

20X

iD1

x2
i � 1 D 0

)
:
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Fig. 5.9 Solution of Problem 12’ by solving Problem 12, first path
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Fig. 5.10 Solution of Problem 12’ by solving Problem 12, second path
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Fig. 5.11 Solution of Problem 12’ by solving Problem 12 with a larger �
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Fig. 5.12 Solution of Problem 12’ by solving Problem 12 with a too small �
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-20

-10
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20 30
x1

x2

0 10

10

Fig. 5.13 Solution of Problem 12’ by solving Problem 12 with a too large �

This problem has a unique global minimum point

xgl D .1; 0; : : : ; 0/>:

Let xloc be the unique local (not global) minimum point of the function (Fig. 5.14)

f1 W R ! R; x 7! 5.1 � x/ � exp
��100.x � 0:7/2

�C exp.�9/;

then the local minimum points of Problem 13 are given by the set

(
x 2 R

20I x1 D xloc and
20X

iD2

x2
i D 1 � x2

loc

)
;
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xloc−1 −0.5 0.50 1

2

4

6

8

10

Fig. 5.14 The graph of f1 for x 2 Œ�1; 1�

which is a 18-dimensional sphere with radius
p

1 � x2
loc within the affine hyperplane

x1 D xloc. Starting from .�1; 0; : : : ; 0/> with � D 0:2, ı D 0:1, and computing
500 iterations, the function value of the computed starting point for the local
minimization is equal to 4:67 	 10�1. Local minimization leads to the global
minimum point.

Problem 14. n D 100

globmin
x

(
f W R100 ! R; x 7! 4 C 8x2

1 � 4 cos.8x1/ C x2
3 C x2

4

C .x5 � 1/2 C
100X

iD6

x2
i I

x2
4 �

100X

iD5

x2
i C 1 D 0

x2
1 � x2

2 � x2
3 C 1 D 0

)
:

This problem has two isolated global minimum points with function value equal
to zero and apart from them, at least eight isolated local minimum points. Using a
starting point with function value equal to 2:27 	 104 and computing 200 iterations
with � D 2:0 and with ı D 0:1, the function value of the computed starting point for
the local minimization is equal to 1:30 	 102. Local minimization leads to a global
minimum point.
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5.4 General Case

Let us consider the constrained global minimization problem

globmin
x

ff .x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;
f; hi W Rn ! R; n 2 N; m; k 2 N0;

f; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k:

Let

x� 2 R D fx 2 R
nI hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg

and let Jx� D fj1; : : : jpg � fm C 1; : : : ; m C kg be the set of indices j for which

hj .x�/ D 0:

We assume that the gradient vectors of all active constraints in x�

rh1.x�/; : : : ; rhm.x�/; rhj1.x
�/; : : : ; rhjp .x�/

are linearly independent for each x� 2 R.
Motivated by the numerical analysis of Problems 12 and 12’, it seems interesting

to transform this constrained global minimization problem to

globmin
x;s

�
Qf W RnCk ! R; .x; s/> 7! f .x/I

hi .x/ D 0; i D 1; : : : ; m

hi .x/ C s2
i�mCn D 0; i D m C 1; : : : ; m C k

	
:

For this approach, we note:

• The number of variables is enlarged by the number of inequality constraints.
• Each minimum point of f with l inactive inequality constraints creates 2l

minimum points of Qf with the same function value.
• Using the projected curve of steepest descent

.Px; Ps/>
pr .t/ D �Pr..x; s/pr.t//r Qf ..x; s/pr.t//; .x; s/>.0/ D .x0; s0/

>
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for the local optimization problem

locmin
x;s

�
Qf W RnCk ! R; .x; s/> 7! f .x/I

hi.x/ D 0; i D 1; : : : ; m

hi .x/ C s2
i�mCn D 0; i D m C 1; : : : ; m C k

	
;

all active inequality constraints at the starting point x0 remain active and all
nonactive inequality constraints at the starting point x0 remain nonactive along
the projected curve of steepest descent. Hence, this idea does not work for local
minimization.

Fortunately, the third statement is no longer true when we use the randomized
projected curve of steepest descent for global minimization as can be observed
in Figs. 5.9–5.11. The reason is that by the additive term �St .!/ in the Fisk–
Stratonovich integral equation, the randomized projected curve of steepest descent
is no longer determined by an autonomous system. Therefore, it is theoretically
feasible to consider only constrained global minimization problems with equality
constraints using slack variables. But if there is a huge number of inequality
constraints, then the following active set method may be a better alternative.

Choose a point

x0 2 R D fx 2 R
nI hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg

and let Jx0 � fm C 1; : : : ; m C kg be the set of indices j for which

hj .x0/ D 0;

then we consider the constrained global minimization problem in n C jJx0 j variables

globmin
.x;s/

�
fx0 W RnCjJx0 j ! R; .x; s/> 7! f .x/I

hi .x/ D 0; i D 1; : : : ; m

hj .x/ C s2
n�mCj D 0; j 2 Jx0

	
:

Using the randomized projected curve of steepest descent for this constrained global
minimization problem with m C jJx0 j equality constraints and with starting point
.x0; 0/>, we perform only one predictor and corrector step with step size control. In
the special case of no equality constraints, i.e., m D 0, and of no active inequality
constraints at x0, this means to perform a single iteration, including step size control,
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for an unconstrained problem. The step size control has to be modified such that the
first n components of the computed point .x.t1; Q!/; s1

Q!/> (i.e., x.t1; Q!/) are in the
feasible region R. Then, we consider the constrained global minimization problem
in n C jJx.t1; Q!/j variables

globmin
.x;s/

�
fx.t1; Q!/ W RnCjJx.t1; Q!/j ! R; .x; s/> 7! f .x/I

hi .x/ D 0; i D 1; : : : ; m

hj .x/ C s2
n�mCj D 0; j 2 Jx.t1; Q!/

	
;

where Jx.t1; Q!/ � fm C 1; : : : ; m C kg is the set of indices j for which

hj .x.t1; Q!// D 0:

It may be that new inequality constraints are now active at x.t1; Q!/ and, since we
used a randomization, it may be that active constraints became nonactive. Now, we
handle this constrained global minimization problem with m C jJx.t1; Q!/j equality
constraints in the same way as before using .x.t1; Q!/; 0/> as a starting point.
Consequently, we compute only one point .x.t2; Q!/; s2

Q!/> and consider the next
constrained global minimization problem in n C jJx.t2; Q!/j variables

globmin
.x;s/

�
fx.t2; Q!/ W RnCjJx.t2; Q!/j ! R; .x; s/> 7! f .x/I

hi .x/ D 0; i D 1; : : : ; m

hj .x/ C s2
n�mCj D 0; j 2 Jx.t2; Q!/

	
;

with starting point .x.t2; Q!/; 0/>, where Jx.t2; Q!/ � fm C 1; : : : ; m C kg is the set of
indices j for which

hj .x.t2; Q!// D 0

and so on.
We demonstrate the performance of this method by two test problems.

Problem 15. n D 2

globmin
x

(
f W R2 ! R; x 7! 6x2

1 � cos.12x1/ C 6x2
2 � cos.12x2/ C 2I

0:1 � x1 � 1I

0:1 � x2 � 1

)
:
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Fig. 5.15 Problem 15, contour lines, � D 1, 1; 500 points

Fig. 5.16 Problem 15, function values, � D 1, 1; 500 points

This problem has a unique isolated global minimum point .0:1; 0:1/>. Using
.0:95; 0:95/> as a starting point and � D 1, the results are shown in Figs. 5.15
and 5.16:
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Fig. 5.17 Problem 16, contour lines, � D 1, 1; 500 points

Fig. 5.18 Problem 16, function values, � D 1, 1; 500 points
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Problem 16. n D 2

globmin
x

(
f W R2 ! R; x 7! 6x2

1 � cos.12x1/ C 6x2
2 � cos.12x2/ C 2I

0:1 � x2
1 C x2

2 � 1

)
:

This problem has exactly four isolated global minimum points

.�0:1; 0/>; .0; 0:1/>; .0:1; 0/>; .0; �0:1/>:

Using .0:3; 0:3/> as a starting point and � D 1, we obtain results summarized in
Figs. 5.17 and 5.18.



Chapter 6
Vector Optimization

6.1 Introduction

The stochastic approach for global optimization problems investigated in the last
chapters can be used for vector optimization problems also. For that, we introduce
a partial ordering �P on R

n by

u �P v W” ui � vi i D 1; : : : ; n; u; v 2 R
n

and consider constrained global vector minimization problems of the following
type:

vglobmin
x

ff.x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;

f D

0
B@

f1

:::

fl

1
CA W Rn ! R

l ;

hi W Rn ! R; fj W Rn ! R

n; l 2 N; m; k; 2 N0;

fj ; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k; j D 1; : : : ; l:

This means that we have to compute at least one point

xgl 2 R WD fx 2 R
nI hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg 6D ;

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1 6,
© Springer Science+Business Media New York 2012
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such that there exists no point x 2 R with

f.xgl/ 6D f.x/ and f.x/ �P f.xgl/:

A point xgl of this type is called a global Pareto minimum point. Since global Pareto
minimum points are not unique in general (because �P is just a partial order), one is
interested in computing as much global Pareto minimum points as possible. A point
x1 2 R is said to be dominated by a point x2 2 R if

f.x1/ 6D f.x2/ and f.x2/ �P f.x1/ .i.e., f.x2/ <P f.x1//:

The book by Johannes Jahn [Jahn10] presents fundamentals and important results
of vector optimization in a general setting.

6.2 The Curve of Dominated Points

We investigate unconstrained local vector minimization problems:

vlocmin
x

ff.x/g; f D

0
B@

f1

:::

fl

1
CA W Rn ! R

l ; n; l 2 N;

fj 2 C 2.Rn;R/; j D 1; : : : ; l:

Hence, we have to compute at least one point xloc 2 R
n such that there exists no

point x 2 U.xloc/ with

f.xloc/ 6D f.x/ and f.x/ �P f.xloc/;

where U.xloc/ � R
n is an open neighborhood of xloc.

We are going to generalize the curve of steepest descent for vector minimization
problems. For this purpose, for x 2 R

n, we consider the convex hull Ccon.x/ of

rf1.x/; : : : ; rfl .x/

and compute the unique vector v.x/ 2 Ccon.x/ with

kv.x/k2 � kw.x/k2; for all w.x/ 2 Ccon.x/
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by solving the following global quadratic minimization problem:

globmin
z

( �����
lX

iD1

zi rfi .x/

�����
2

2

I
lX

iD1

zi � 1 D 0

�zi � 0 i D 1; : : : ; l

)
; x 2 R

n:

With a global minimum point zgl.x/, we obtain v.x/ 2 Ccon.x/ by the following
function:

v W Rn ! R
n; x 7!

lX
iD1

zgl.x/irfi .x/:

It is proven in [Schä.etal02] that

• Either v.x/ D 0 or �v.x/ is a descent direction for all fi , i D 1; : : : ; l .
• The function v is locally Lipschitz continuous.

Using the function v, we have found an analogon of the gradient in real-valued
optimization.

The curve of dominated points

x W D � Œ 0; 1/ ! R
n

with starting point x0 2 R
n is defined by the solution of the initial value problem

Px.t/ D �v.x.t//; x.0/ D x0:

In the following theorem, we summarize some important properties of the above
initial value problem.

Theorem 6.1 Consider

f D

0
B@

f1

:::

fl

1
CA W Rn ! R

l ; n; l 2 N; fj 2 C 2.Rn;R/; j D 1; : : : ; l;

and let the set

Lf;x0 WD fx 2 R
nI f.x/ �P f.x0/g

be bounded, then we obtain:

(i) The initial value problem

Px.t/ D �v.x.t//; x.0/ D x0;

has a unique solution x W Œ 0; 1/ ! R
n.
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(ii) Either
x � x0 iff v.x0/ D 0

or
f.x.t C h// <P f.x.t// for all t; h 2 Œ 0; 1/; h > 0:

(iii) For each

Qz 2
(

z 2 R
l I

lX
iD1

zi D 1; zi � 0; i D 1; : : : ; l

)
;

there exists a point xstat 2 R
n with

lim
t!1 fQz.x.t// D fQz.xstat/ and v.xstat/ D 0;

where

fQz W Rn ! R; x 7!
lX

iD1

Qzi fi .x/:

The proof uses exactly the same ideas as the one of Theorem 2.1.
For the numerical approximation of the curve of dominated points, only function

values of v are available, since v is not differentiable in general.

Example 6.2. Let us investigate a local vector minimization problem with

f W R2 ! R
3; x 7!

0
@

f1.x/

f2.x/

f3.x/

1
AD

0
@

x1Cx2p
0:06.x2�x1/2� cos.1:2.x2�x1//C2/�1

arctan.x2�x1/

1
A :

The set of all Pareto minimum points is given by

�
x 2 R

2I x is a Pareto minimum point of g W R2 ! R
2; x 7!

�
f2.x/

f3.x/

��

and their function values are visualized in Fig. 6.1.
Figure 6.2 shows function values of the curve of dominated points according to f

with starting point .�1; 1/>.
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Fig. 6.1 Function values of f2 and f3

Fig. 6.2 Function values of the curve of dominated points according to f
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6.3 A Randomized Curve of Dominated Points

Now, we investigate unconstrained global vector minimization problems

vglobmin
x

ff.x/g; f D

0
B@

f1

:::

fl

1
CA W Rn ! R

l ; n; l 2 N;

fj 2 C 2.Rn;R/; j D 1; : : : ; l:

With the Wiener space .˝;B.˝/; W / and the Brownian Motion fBt gt2Œ 0;1/, we are
interested in the investigation of a stochastic process fXtgt2Œ 0;1/ with

Xt W ˝ ! R
n; t 2 Œ 0; 1/

given by

Xt .!/ D x0 �
tZ

0

v.X� .!//d� C � .Bt .!/ � B0.!// ; ! 2 ˝;

where x0 2 R
n and � > 0 are fixed. This equation can be interpreted as a randomized

curve of dominated points. In order to analyze the randomized curve of dominated
points, it is necessary to formulate assumptions on the function v.

Assumption 6.2 There exists a real number � > 0 such that

x>v.x/ � 1 C n�2

2
maxf1; kv.x/k2g

for all x 2 fw 2 R
nI kwk2 > �g for some � 2 R; � > 0.

In the following theorem, we study properties of the randomized curve of dominated
points analogously to Theorems 3.3 and 3.6, respectively.

Theorem 6.3 Consider the unconstrained global vector minimization problem

vglobmin
x

ff.x/g; f D

0
B@

f1

:::

fl

1
CA W Rn ! R

l ; n; l 2 N;

fj 2 C 2.Rn;R/; j D 1; : : : ; l:

and let the following Assumption 6.2 be fulfilled:

There exists a real number � > 0 such that
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x>v.x/ � 1 C n�2

2
maxf1; kv.x/k2g

for all x 2 fw 2 R
nI kwk2 > �g for some � 2 R; � > 0,

then we obtain:

(i) Using the Wiener space .˝;B.˝/; W / and � > 0 from Assumption 6.2, the
integral equation

X.t; !/ D x0�
tZ

0

v.X.�; !//d�C� .Bt .!/ � B0.!// ; t 2 Œ 0; 1/; ! 2 ˝

has a unique solution X W Œ 0; 1/ � ˝ ! R
n for each x0 2 R

n.
(ii) For each t 2 Œ 0; 1/, the mapping

Xt W ˝ ! R
n; ! 7! X.t; !/

is an n-dimensional random variable (therefore B.˝/ � B.Rn/ measurable),
and its probability distribution is given by a Lebesgue density function

pt W Rn ! R

with
lim

t!1 pt .x/ D p.x/ for all x 2 R
n;

where p W R
n ! R is a Lebesgue density function of a random variable

X W ˝ ! R
n.

(iii) Choose any r > 0 and let xgl be any global Pareto minimum point of the
unconstrained vector minimization problem. Using the stopping time

st W ˝ ! R [ f1g;

! 7!
8<
:

inf
˚
t � 0I kX.t; !/ � xglk2 � r

�
if

˚
t � 0I kX.t; !/ � xglk2 � r

� 6D ;

1 if
˚
t � 0I kX.t; !/ � xglk2 � r

� D ;
;

we obtain:

a. W.f! 2 ˝I st.!/ < 1g/ D 1.
b. For the expectation of st holds:

E.st/ < 1:

Again, the ideas used for the proof of this theorem are the same as the ones used for
the proofs of Theorems 3.3 and 3.6, respectively.
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Since the function v cannot be interpreted as a gradient of a given potential
function in general, the invariant measure denoted by p in Theorem 6.3 is not known
explicitly.

6.4 An Euler Method

Since the function v is not differentiable in general, the numerical approximation of
the randomized curve of dominated points has to use only function values of v as in
the following Euler method.

Step 0: (Initialization)
Choose x0 2 R

n and �; ı > 0,
Choose maxit 2 N,
j WD 0,
goto step 1.

In step 0, the starting point x0, the parameter � according to

Assumption 6.2, the parameter ı > 0 according to the step size

control, and the maximal number of iterations have to be determi-

ned by the user.

Step 1: (Evaluation of v)
h WD 1,
compute v.xj /

goto step 2.

The initial value hmax of the step size is chosen equal to 1.

Step 2: (Pseudorandom Numbers)
Compute 2n stochastically independent N .0; 1/ Gaussian distributed
pseudorandom numbers p1; : : : pn; q1; : : : ; qn 2 R,
goto step 3.

In this step, the choice of the path is determined successively

by the computer.

Step 3: (Computation of x2
j C1 by one step with step size h)

x2
j C1 WD xj � hv.xj / C �

q
h
2

0
B@

p1 C q1

:::

pn C qn

1
CA.

goto step 4.

x2
jC1 is computed by a step with starting point xj using the step

size h.
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Step 4: (Computation of x h
2
)

x h
2

WD xj � h
2
v.xj / C �

q
h
2

0
B@

p1

:::

pn

1
CA.

goto step 5.

x h
2
is computed by a step with starting point xj using the step

size h
2
.

Step 5: (Evaluation of v)
compute v.x h

2
/

goto step 6.

Step 6: (Computation of x1
j C1 by two steps with step size h

2
)

x1
j C1 WD x h

2
� h

2
v.x h

2
/ C �

q
h
2

0
B@

q1

:::

qn

1
CA.

goto step 7.

x1
jC1 is computed by a step with starting point x h

2
using the step

size h
2
.

Step 7: (Acceptance condition)
If kx1

j C1 � x2
j C1k2

< ı,
then

xj C1 WD x1
j C1,

print
�
j C 1; xj C1; f

�
xj C1

		
,

goto step 8.
else

h WD h
2
,

goto step 3.

Step 8: (Termination condition)
If j C 1 < maxit,

then
j WD j C 1,
goto step 1.

else
STOP.
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Fig. 6.3 Problem 17, function values of the randomized curve of dominated points, � D 0:3,
1;500 points

It is important to notice that this algorithm should be used to compute as many global
Pareto minimum points as possible. An example where this is done successfully is
given in [Schä.etal02] with n D 20 and l D 2.

In order to demonstrate properties of the randomized curve of steepest descent,
we come back to Example 6.2.

Problem 17. n D 2

vglobmin
x

(
f W R2 ! R

3; x 7!
0
@

x1 C x2p
0:06.x2 � x1/2 � cos.1:2.x2 � x1// C 2/ � 1

arctan.x2 � x1/

1
A
)

:

Figures 6.3 and 6.4 show function values of the randomized curve of dominated
points from two different points of view. It can be noticed that the randomized curve
of dominated points behaves like a purely random search near Pareto minimum
points.
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Fig. 6.4 Problem 17, function values of the randomized curve of dominated points, � D 0:3,
1;500 points

Fig. 6.5 Problem 18, function values, � D 0:3, 5;000 points
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Fig. 6.6 Problem 18, function values, � D 0:3, 5;000 points

6.5 Constraints

Constrained global vector minimization problems

vglobmin
x

ff.x/I hi .x/ D 0; i D 1; : : : ; m

hi .x/ � 0; i D m C 1; : : : ; m C kg;

f D

0
B@

f1

:::

fl

1
CA W Rn ! R

l ;

hi W Rn ! R; fj W Rn ! R

n; l 2 N; m; k; 2 N0;

fj ; hi 2 C 2.Rn;R/; i D 1; : : : ; m C k; j D 1; : : : ; l:

can be handled in the same way as in Sect. 5.3 using the randomized projected curve
of dominated points for equality constraints.
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The penalty approach of Sect. 5.2 can be generalized to vector minimization
problems using the functions

fj;penalty;cp W Rn ! R; x 7! fj .x/ C cp

 
mX

iD1

hi .x/4 C
mCkX

iDmC1

.P .hi .x///4

!

with j D 1; : : : ; l , and with

P W R ! R; x 7!
�

x for x > 0

0 for x � 0
;

where fcpgp2N0 is a sequence of positive, strictly monotonic increasing real numbers
with

lim
p!1 cp D 1:

In addition, inequalities can be handled analogously to Sect. 5.4, which we demon-
strate by means of the following:

Problem 18. n D 2

vglobmin
x

(
f W R2 ! R

3; x 7!
0
@

x1 C x2p
0:06.x2 � x1/2 � cos.1:2.x2 � x1// C 2/ � 1

arctan.x2 � x1/

1
A

4 � x2
1 C x2

2 � 25

)
:

Figures 6.5 and 6.6 show function values from two different points of view.



Appendix A
A Short Course in Probability Theory

Consider a nonempty set ˝ . With P.˝/, we denote the power set of ˝ consisting
of all subsets of˝ . Using NR WD R[ f˙1g, we expand the algebraic structure of R
to NR by

a C .˙1/ D .˙1/C a D .˙1/C .˙1/ D .˙1/; C1 � .�1/ D C1;

a 
 .˙1/ D .˙1/ 
 a D
8
<

:

.˙1/; für a > 0;
0; für a D 0;

.�1/; für a < 0;

.˙1/ 
 .˙1/ D C1; .˙1/ 
 .�1/ D �1;
a

˙1 D 0

for all a 2 R. With �1 < a and a < 1 for all a 2 R, . NR;�/ remains an ordered
set, but not an ordered field.

Let F be a family of subsets of˝ with ; 2 F then a function

� W F ! NR

is called a measure on F if the following conditions are fulfilled:

(M1) �.A/ � 0 for all A 2 F
(M2) �.;/ D 0

(M3) For each sequence fAigi2N of pairwise disjoint sets with Ai 2 F
i 2 N, and

1S
iD1

Ai 2 F holds:

�

 1[

iD1
Ai

!

D
1X

iD1
�.Ai / (�-additivity):

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1,
© Springer Science+Business Media New York 2012
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Let fBi gi2N be a sequence with Bi � BiC1; Bi 2 F , and
1S
iD1

Bi D ˝ . If �.Bi / <

1 for all i 2 N, then � is called �-finite.
If one is only interested in measures on power sets, these measures have limited

properties and are not adapted for practical applications. Therefore, we consider the
following special class of families of subsets of ˝ .

A family of subsets of ˝ is called a �-field on ˝ if the following conditions are
fulfilled:

(S1) ˝ 2 S.
(S2) If A 2 S, then Ac WD ˝ n A 2 S.

(S3) If Ai 2 S; i 2 N, then
1S
iD1

Ai 2 S.

Let I be any nonempty set and let Si be a �-field on ˝ for all i 2 I ; then
T

i2I
Si is

again a �-field on ˝ . Assume F � P.˝/ and let ˙ be the set of all �-fields on ˝
with

S 2 ˙ ” F � S;
then

�.F/ WD
\

S2˙
S

is called �-field generated by F . For ˝ D R
n; n 2 N; we consider the �-field

Bn D �.f.Œa1; b1/ 	 : : : 	 Œan; bn//\ R
nI �1 � ai � bi � 1; i D 1; : : : ; ng/;

where Œa1; b1/	 : : :	 Œan; bn/ WD ;, if aj � bj for at least one j 2 f1; : : : ; ng. With

�..Œa1; b1/ 	 : : : 	 Œan; bn//\ R
n/ WD

8
<

:

nQ

iD1
.bi � ai / if bi > ai ; i D 1; : : : ; n

0 otherwise

we obtain a unique measure on Bn. This measure is called Lebesgue–Borel measure.
The �-field Bn is called Borel �-field on R

n. Although

Bn 6D P.Rn/;

all important subsets of Rn (e.g., all open, closed, and compact subsets) are elements
of Bn.

Let � be a measure defined on a �-field S on ˝; then each set A 2 S with
�.A/ D 0 is called a �-null set. It is obvious that �.B/ D 0 for each subset B � A

of a �-null set. On the other hand, it is not guaranteed that

B 2 S for each B � A:
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A �-field S on ˝ equipped with a measure � W S ! NR is called complete if each
subset of a �-null set is an element of S. The �-field

S0 WD fA[N I A 2 S; N subset of a �-null setg

is called �-completion of S with the appropriate measure

�0 W S0 ! NR; .A [N/ 7! �.A/:

Let S be a �-field on ˝ . The pair .˝;S/ is called a measurable space. With a
measure � on S the triple .˝;S; �/ is called a measure space.

Let .˝1;S1/ and .˝2;S2/ be two measurable spaces. A mapping

T W ˝1 ! ˝2 with T �1.A0/ WD fx 2 ˝1IT .x/ 2 A0g 2 S1 for all A0 2 S2

is called S1-S2-measurable. Consider two measurable spaces .˝1;S1/ and .˝2;S2/
with S2 D �.F/. A mapping T W ˝1 ! ˝2 is S1-S2-measurable, iff T �1.A0/ 2 S1
for all A0 2 F .

Let .˝1;S1; �1/ be a measure space, .˝2;S2/ be a measurable space, and let
T W ˝1 ! ˝2 be S1-S2-measurable; then we are able to equip .˝2;S2/ with a
measure �2 transformed from .˝1;S1; �1/ via T by

�2 W S2 ! NR; A0 7! �1
�
T �1.A0/

�
; A0 2 S2:

This measure is called image measure of �1.
Based on a measurable space .˝;S/ a S-B-measurable function e W ˝ ! R is

called a simple function, if je.˝/j < 1. An interesting class of simple functions is
given by indicator functions

IA W ˝ ! R; ! 7!
(
1 if ! 2 A
0 otherwise

; A 2 S:

An indicator function IA indicates whether ! 2 A or not. For each simple function
e W ˝ ! R, there exist a natural number n, pairwise disjoint sets A1; : : : ; An 2 S,
and real numbers ˛1; : : : ; ˛n with

e D
nX

iD1
˛i IAi ;

nX

iD1
Ai D ˝:

Now, we consider nonnegative simple functions e W ˝ ! R
C
0 , e D

nP

iD1
˛i IAi ,

˛i � 0, i D 1; : : : ; n defined on a measure space .˝;S; �/, and we define the
.�-/integral for this functions by
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Z
e d� WD

Z

˝

e d� WD
nX

iD1
˛i 
 �.Ai /:

It is important to recognize that this integral does not depend on the representation
of e by A1; : : : ; An 2 S and ˛1; : : : ; ˛n. Let E be the set of all nonnegative simple
functions on .˝;S; �/; then it is easy to see that

•
R
IA d� D �.A/ for all A 2 S.

•
R
.˛e/d� D ˛

R
e d� for all e 2 E; ˛ 2 R

C
0 .

•
R
.u C v/d� D R

u d�C R
v d� for all u; v 2 E .

• If u.!/ � v.!/ for all ! 2 ˝ , then
R

u d� � R
v d�, u; v 2 E .

Consider the �-field

NB WD fA[ BI A 2 B; B � f�1;1gg

on NR, and let .˝;S/ be a measurable space and f W ˝ ! NRC
0 be a nonnegative

S � NB-measurable function; then there exists a pointwise monotonic increasing
sequence fengn2N of nonnegative S- NB-measurable simple functions en W ˝ ! R

C
0 ,

n 2 N, which converges pointwise to f . Therefore, we are able to define the �-
integral for nonnegative S- NB-measurable functions f via

Z
f d� WD

Z

˝

f d� WD lim
n!1

Z
en d�:

Based on a S- NB-measurable function f W ˝ ! NR, the function

f C W ˝ ! NRC
0 ; ! 7!

	
f .!/ if f .!/ � 0

0 otherwise

is called positive part of f , and the function

f � W ˝ ! NRC
0 ; ! 7!

	 �f .!/ if f .!/ � 0

0 otherwise

is called negative part of f with the following properties:

• f C.!/ � 0, f �.!/ � 0 for all ! 2 ˝ .
• f C and f � are S- NB-measurable.
• f D f C � f �.

Using the positive part and the negative part of f , we define

Z
f d� WD

Z

˝

f d� WD
Z
f C d��

Z
f � d�;
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if
Z
f C d� < 1 or

Z
f � d� < 1:

Furthermore, we define
Z

A

f d� WD
Z
f 
 IA d�:

A measure space .˝;S;P/ with P.˝/ D 1 is called probability space with
probability measure P. For all setsA 2 S, the real number P.A/ is called probability
of A. Let .˝;S;P/ be a probability space and let .˝ 0;S 0/ be a measurable space;
then a S-S 0-measurable function X W ˝ ! ˝ 0 is called a random variable.

If ˝ 0 D R
n, n 2 N, and S 0 D Bn, then X is said to be an n-dimensional

real random variable. The image measure P
0 on S 0 is called distribution of X and

is denoted by PX . Consider a probability space .˝;S;P/ and a random variable
X W ˝ ! NR with

Z
XC dP < 1 or

Z
X� dP < 1;

then

E.X/ WD
Z
X dP

is called expectation of X . The variance of a random variable X W ˝ ! NR with
finite expectation E.X/ is given by

V.X/ WD
Z
.X � E.X//2 dP:

Assume that B 2 S and P.B/ > 0, then we are able to define another probability
measure P.�jB/ (conditional probability) on S by

P.�jB/ W S ! Œ0; 1�; A 7! P.A \ B/
P.B/

:

Consider a measure space .˝;S; �/ and a S- NB-measurable function f W ˝ ! NR
such that

• f .!/ � 0 for all ! 2 ˝ .
•
R
f d� D 1.

Then we obtain a probability measure

P W S ! Œ0; 1�; A 7!
Z

A

f d�:

The function f is called a density of P with respect to �.
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For the special case .Rn;Bn;P/, n 2 N, the probability measure P can be expressed
by a so-called distribution function

F W R
n ! Œ0; 1�; .x1; : : : ; xn/

> 7! P ..�1; x1/ 	 : : : 	 .�1; xn//

The distribution function of an image measure PX of an m-dimensional real-valued
random variable X W R

n ! R
m, m 2 N, is called distribution function of X . The

most important class of distribution functions of this type is given by

F�e;˙ W R
m ! Œ0; 1�

x 7!
Z

.�1;x1/

: : :

Z

.�1;xm/

1
p
.2�/m det.˙ /


 exp

 

� .x � e/>˙ �1.x � e/
2

!

dx

for each e 2 R
m and each positive definite matrix ˙ D .�i;j / 2 R

m;m. A random
variable X of this type is called N .e;˙ / Gaussian distributed. Its image measure
is given by the Lebesgue density

�e;˙ W Rm ! R; x 7! 1
p
.2�/m det.˙ /


 exp

 

� .x � e/>˙ �1.x � e/
2

!

with
ei D E.Xi /; i D 1; : : : ; m

and

�i;j D E..Xi � ei /.Xj � ej //; i; j D 1; : : : ; m:

The matrix ˙ is called covariance matrix.
Based on a probability space .˝;S;P/ we have defined a probability measure

P.�jB/ (conditional probability) on S by

P.�jB/ W S ! Œ0; 1�; A 7! P.A\ B/
P.B/

under the assumption that P.B/ > 0. The fact that

P.AjB/ D P.A/ ” P.A \ B/ D P.A/ 
 P.B/

leads to the definition

A;B 2 S stochastically independent ” P.A\ B/ D P.A/ 
 P.B/:

Elements
fAi 2 SI i 2 I g; I ¤ ;
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of S are called stochastically independent, iff

P

0

@
\

j2J
Aj

1

A D
Y

j2J
P.Aj / for all subsets J � I with 0 < jJ j < 1:

A family
fFi � SI i 2 I g; I ¤ ;

of subsets of S is called stochastically independent, iff

P

0

@
\

j2J
Aj

1

A D
Y

j2J
P.Aj /

for all Aj 2 Fj , j 2 J , and for all J � I with 0 < jJ j < 1. Let .˝ 0;S 0/ be a
measurable space and let X W ˝ ! ˝ 0 be a random variable. With F , we denote
the set of all �-fields on˝ such that

X is C � S 0 � measurable; iff C 2 F :

The set

�.X/ WD
\

C2F
C

is called �-field generated by X . It is the smallest �-field of all �-fields A on ˝
such that X is A-S 0-measurable. The stochastical independence of a family

fXi W ˝ ! ˝ 0I i 2 I g; I ¤ ;

of random variables is defined by the stochastical independence of

f�.Xi/I i 2 I g:

A sequence of random variables is a sequence of functions; therefore, one has
to introduce different concepts of convergence as done in real calculus also. Let
.˝;S;P/ be a probability space, let fXigi2N be a sequence of real-valued random
variables

Xi W ˝ ! R; i 2 N;

and let X W ˝ ! R be a real-valued random variable; then we define for r 2 R,
r > 0:

Lr -lim
i!1 Xi D X W” lim

i!1

Z
jX �Xi jr dP D 0;
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where
Z

jXi jr dP < 1 for all i 2 N and
Z

jX jr dP < 1
is assumed.

The sequence fXigi2N converges in P-measure to X iff

lim
i!1P .f! 2 ˝I jXi.!/ �X.!/j < �g/ D 1

for all � > 0, and it converges almost everywhere to X iff

P

�	

! 2 ˝I lim
i!1Xi.!/ D X.!/


�

D 1:

Convergency in distribution is given by

lim
i!1

Z
f dPXi D

Z
f dPX

for all infinitely continuously differentiable functions f W R ! R with compact
support.

A stochastic process is a parameterized collection fXtgt2T , T 6D ;, of random
variables

Xt W ˝ ! R
n

based on a probability space .˝;S;P/. A function

X�.!/ W T ! R
n; t 7! Xt.!/

is called a path of fXtgt2T for each ! 2 ˝ . Choose k 2 N and t1; : : : ; tk 2 T ; then
we find a probability measure on .Rk;Bk/ via

Pt1;:::;tk W Bk ! Œ0; 1�;

.A1; : : : ; Ak/ 7! P.f! 2 ˝I Xt1.!/ 2 A1 \ : : : \ Xtk .!/ 2 Akg/:

Such a probability measure is called a finite-dimensional distribution of fXtgt2T .
The existence theorem of Kolmogorov (see [Bil86]) describes the existence of a
stochastic process using finite-dimensional distributions.
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Let M be a nonempty set with a finite number of elements and let .˝;S;P/ be
a probability space. Using the measurable space .M;P.M//, we consider random
variables

Xi W ˝ ! M; i 2 f1; : : : ; jMjg
with

• PXi .fxg/ D 1
jMj for all x 2 M; i 2 f1; : : : ; jMjg (the uniform distribution on

M).
• The random variablesX1; : : : ; XjMj are stochastically independent.

Let O! 2 ˝ be a result of a random experiment given by .˝;S;P/, then we
would like to construct a sequence fxngn2N of elements of M algorithmically with
xj �jMjCi D Xi. O!/ for all i D 1; : : : ; jMj, j 2 N0; the n-tuple .x1; : : : ; xjMj/ is
called a realization of .X1; : : : ; XjMj/. For that, we consider a surjective function

f W M ! M

and compute a sequence fxngn2N by

xn D f .n�1/.x1/ WD f .f .n�2/.x1// with f .0/.x1/ D x1;

where x1 2 M is an arbitrarily chosen starting point, which is called seed. Since
jMj < 1, we obtain a periodical sequence fxngn2N with smallest period s 2 N. The
smallest period of fxngn2N is called cycle length of fxngn2N. Now, we investigate
several choices for M. Consider three integers a; b, and m > 0; then we define an
equivalence relation Rm � Z 	 Z by

a �m b W” .a; b/ 2 Rm W”
W” there exists an integer d with a � b D dm:

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1,
© Springer Science+Business Media New York 2012
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If a �m b, then we say a is congruent to b modulo m. The integer m is called
modulus of Rm. For each fixed m > 0, each equivalence class (which is called
residue class also) of Rm has one and only one representative r with

0 � r � m � 1:

The set of residue classes will be denoted by

Z=mZ WD fŒ0�; : : : ; Œm � 1�g;

where Œi � denotes the residue class with i 2 Œi �, i D 0; : : : ; m � 1. If a �m ˛ and
b �m ˇ, then .a C b/ �m .˛ C ˇ/ and ab �m ˛ˇ. In other words, we have a
well-defined operator

� W Z=mZ 	 Z=mZ ! Z=mZ;

.Œr1�; Œr2�/ 7! Œr1�� Œr2� WD Œr3� such that r1 C r2 2 Œr3�

and a well-defined operator

� W Z=mZ 	 Z=mZ ! Z=mZ

.Œr1�; Œr2�/ 7! Œr1�� Œr2� WD Œr4� such that r1 
 r2 2 Œr4�:

The triple .Z=mZ;�;�/ forms a commutative ring.
With M D Z=mZ, we choose Œx1�; Œa�; Œb� 2 Z=mZ, and we consider the

sequence
˚
f .n�1/.Œx1�/

�
n2N given by

f W Z=mZ ! Z=mZ; Œx� 7! .Œa�� Œx�/� Œb�:

This function is surjective (and thus bijective) if there exists a Œa��1 2 Z=mZ such
that Œa��1 � Œa� D Œ1�, which is equivalent to g:c:d:.a;m/ D 1 (see, e.g., [Kob94]),
where the function

g:c:d: W Z 	 Z ! N

computes the greatest common divisor of the arguments. Now, we are looking for
stronger conditions on a; b such that

˚
f .n�1/.Œx1�/

�
n2N has the maximum cycle

length s D m for all Œx1� 2 Z=mZ. From [Knu97], we know the following result for
m � 2 :

Using the function

f W Z=mZ ! Z=mZ; Œx� 7! .Œa�� Œx�/� Œb�;

the sequence
˚
f .n�1/.Œx1�/

�
n2N has the maximum cycle length s D m for all Œx1� 2

Z=mZ if the following conditions are fulfilled:

• If any prime number p is a divisor of m, then p is a divisor of .a � 1/.
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• If 4 is a divisor of m, then 4 is a divisor of .a � 1/.
• g:c:d:.b;m/ D 1.

Letm D 16, a D 9, b D 1, and Œx1� D Œ0�, for instance; then we obtain the sequence

Œ0�; Œ1�; Œ10�; Œ11�; Œ4�; Œ5�; Œ14�; Œ15�; Œ8�; Œ9�; Œ2�; Œ3�; Œ12�; Œ13�; Œ6�; Œ7�; Œ0�; : : :

with maximal cycle length s D 16. With the function

g W Z=mZ ! Z; Œi � 7! i;

each sequence
˚
f .n�1/.Œx1�/

�
n2N can be transformed to a sequence fxngn2N of real

numbers lying in the unit interval by

xn D g.f .n�1/.Œx1�//
m � 1

; n 2 N:

The above example leads to

0;
1

15
;
10

15
;
11

15
;
4

15
;
5

15
;
14

15
; 1;

8

15
;
9

15
;
2

15
;
3

15
;
12

15
;
13

15
;
6

15
;
7

15
; 0; : : : :

Pseudorandom number generators of the form

xn D g.f .n�1/.Œx1�//
m � 1 ; n 2 N

with

f W Z=mZ ! Z=mZ; Œx� 7! .Œa�� Œx�/� Œb�

are called linear congruential generators. The quality of these generators depends
mainly on the choice of a; b, and m. In [Pre.etal88], the following list of constants
is published and organized by the number of necessary bits for the binary repre-
sentation of fg.f .n�1/.Œx1�//gn2N. Each triple .a; b;m/ fulfills the above conditions
for maximal cycle length, and the corresponding pseudorandom number generator
passed several tests of randomness given in [Gen03].

In this book, we need pseudorandom numbers, which approximate realizations
of stochastically independent,N .0; 1/Gaussian distributed random variables. Up to
now, we are able to compute pseudorandom numbers, which approximate realiza-
tions of stochastically independent, Œ0; 1�-uniformly distributed random variables.
Let .u1; u2/ be a realization of two stochastically independent, Œ0; 1�-uniformly
distributed random variables .U1; U2/ and assume

0 < .2u1 � 1/2 C .2u2 � 1/2 � 1;
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Number of bits a b m

20 106 1;283 6;075

21 211 1;663 7;875

22 421 1;663 7;875

23 430 2;531 11;979

23 936 1;399 6;655

23 1;366 1;283 6;075

24 171 11;213 53;125

24 859 2;531 11;979

24 419 6;173 29;282

24 967 3;041 14;406

25 141 28;411 134;456

25 625 6;571 31;104

25 1;541 2;957 14;000

25 1;741 2;731 12;960

25 1;291 4;621 21;870

25 205 29;573 139;968

26 421 17;117 81;000

26 1;255 6;173 29;282

26 281 28;411 134;456

27 1;093 18;257 86;436

27 421 54;773 259;200

27 1;021 24;631 116;640

27 1;021 25;673 121;500

28 1;277 24;749 117;128

28 741 66;037 312;500

28 2;041 25;673 121;500

29 2;311 25;367 120;050

29 1;807 45;289 214;326

29 1;597 51;749 244;944

29 1;861 49;297 233;280

29 2;661 36;979 175;000

29 4;081 25;673 121;500

29 3;661 30;809 145;800

30 3;877 29;573 139;968

30 3;613 45;289 214;326

30 1;366 150;889 714;025

31 8;121 28;411 134;456

31 4;561 51;349 243;000

31 7;141 54;773 259;200

32 9;301 49;297 233;280

32 4;096 150;889 714;025

33 2;416 374;441 177;1875

34 17;221 107;839 510;300

34 36;261 66;037 312;500

35 84;589 45;989 217;728
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then the tuple .z1; z2/ given by

z1 WD .2u1 � 1/
s

�2 ln ..2u1 � 1/2 C .2u2 � 1/2/
.2u1 � 1/2 C .2u2 � 1/2

z2 WD .2u2 � 1/
s

�2 ln ..2u1 � 1/2 C .2u2 � 1/2/
.2u1 � 1/2 C .2u2 � 1/2

is a realization of two stochastically independent, N .0; 1/ Gaussian distributed
random variables .Z1;Z2/ (see [MarBra64]). Consequently, we obtain the following
algorithm:

Step 0: (Initialization)
i WD 1.
j WD 1.
Choose a; b;m according to the above list such that m is an even number.
Choose Œx1� 2 Z=mZ.
goto step 1.

Step 1: (Computation of Œx2�)
compute Œx2� WD .Œa�� Œx1�/� Œb�.
goto step 2.

Step 2: (Œ0; 1�-uniformly distributed pseudorandom numbers)
Compute u1 WD g.Œx1�/

m�1 .

Compute u2 WD g.Œx2�/

m�1 .
goto step 3.

Step 3: N .0; 1/ (Gaussian distributed pseudorandom numbers)
If 0 < .2u1 � 1/2 C .2u2 � 1/2 � 1,

then

compute z1 WD .2u1 � 1/

r
�2 ln..2u1�1/2C.2u2�1/2/

.2u1�1/2C.2u2�1/2 .

compute z2 WD .2u2 � 1/

r
�2 ln..2u1�1/2C.2u2�1/2/

.2u1�1/2C.2u2�1/2 .

i WD i C 2.
j WD j C 2.
goto step 4.

else
j WD j C 2.
goto step 4.



132 Appendix B: Pseudorandom Numbers

Step 4: (Computation of Œxj �; ŒxjC1�)
If j > m

then
STOP.

else
compute Œxj � WD .Œa�� Œxj�1�/� Œb�.
compute ŒxjC1� WD .Œa�� Œxj �/� Œb�.

goto step 5.

Step 5: (Œ0; 1�-uniformly distributed pseudorandom numbers)
Compute uj WD g.Œxj �/

m�1 .

Compute ujC1 WD g.ŒxjC1�/

m�1 .
goto step 6.

Step 6: (N .0; 1/ Gaussian distributed pseudorandom numbers)
If 0 < .2uj � 1/2 C .2ujC1 � 1/2 � 1,

then

compute zi WD .2uj � 1/
r

�2 ln..2uj�1/2C.2ujC1�1/2/
.2uj�1/2C.2ujC1�1/2 .

compute ziC1 WD .2ujC1 � 1/
r

�2 ln..2uj�1/2C.2ujC1�1/2/
.2uj�1/2C.2ujC1�1/2 .

i WD i C 2.
j WD j C 2.
goto step 4.

else
j WD j C 2.
goto step 4.
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White Noise Disturbances

In order to analyze optimization problems with white noise disturbances, we have to
introduce the concept of generalized functions (see, e.g., [Zem87]). Therefore, we
consider the R-vector spaceK consisting of all infinitely continuously differentiable
functions

' W R ! R

with compact support. This vector space is known as the space of all test functions.
A sequence f'kgk2N of test functions is said to be convergent (with limit ' 2 K)
iff

• There exists a compact set C � R such that

'k.x/ D 0 for all k 2 N; x 2 R n C;

• The sequence f'kgk2N and the sequences of the derivatives
n
'
.p/

k

o

k2N of pth

order, p 2 N, converge uniformly to ' and '.p/, respectively.

A generalized function ˚ is given by a continuous linear functional

˚ W K ! R; ' 7! ˚.'/:

The set D of all generalized functions forms again a R-vector space. Each
continuous function f W R ! R can be represented by a generalized function

˚f W K ! R; ' 7!
1Z

�1
f .t/'.t/dt:

The generalized functions

ıt0 W K ! R; ' 7! '.t0/; t0 2 R

S. Schäffler, Global Optimization: A Stochastic Approach, Springer Series in Operations
Research and Financial Engineering, DOI 10.1007/978-1-4614-3927-1,
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are called Dirac delta functions. These generalized functions are not representatives
of continuous functions because there exists no continuous function dt0 W R ! R

with 1Z

�1
dt0.t/'.t/dt D '.t0/ for all ' 2 K:

Consider the functions

dt0;�2 W R ! R; x 7! 1p
2��2

exp

�

� .x � t0/
2

2�2

�

; � > 0;

then we obtain

lim
�!0

1Z

�1
dt0;�2 .t/'.t/dt D '.t0/ for all ' 2 K:

On the other hand,

lim
�!0

dt0;�2.x/ D
	
0 if x 6D t0

1 if x D t0

Each generalized function ˚ is differentiable, and the derivative of ˚ is given by

P̊ W K ! R; ' 7! �˚.' 0/;

where ' 0 denotes the derivative of '. Let f W R ! R be a continuously
differentiable function. The fact that

P̊
f .'/ D �˚f .' 0/ D �

1Z

�1
f .t/' 0.t/dt D

1Z

�1
f 0.t/'.t/dt D ˚f 0.'/

makes the definition of P̊ reasonable.
Now, we combine the concept of random variables with the concept of general-

ized functions in the following way (see [Kuo96]):
Let .˝;S;P/ be a probability space and let

˚' W ˝ ! R

be a real-valued random variable for each ' 2 K . The set

f˚' I ' 2 Kg
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of random variables is called a generalized stochastic process, iff the following
conditions are fulfilled:

• For all ˛; ˇ 2 R and for all '; 2 K holds

˚˛'Cˇ D ˛˚' C ˇ˚ P � almost surely:

• Choose n 2 N and consider n sequences of test functions

f'1j gj2N; : : : ; f'nj gj2N

such that

'ij converges to a test function 'i with j ! 1 for all i D 1; : : : ; n

(convergence in the above scene); then the n-dimensional real-valued random
variables .˚'1j ; : : : ; ˚'nj / converge in distribution to .˚'1 ; : : : ; ˚'n/.

Let fXtgt2Œ0;1/ be a real-valued stochastic process with continuous paths

X�. O!/ W Œ0;1/ ! R; t 7! Xt. O!/; O! 2 ˝;

then this stochastic process can be represented by a generalized stochastic process
f˚X;' I ' 2 Kg with

˚X;' W ˝ ! R; ! 7!
1Z

0

Xt .!/'.t/dt:

In the following, we consider a one-dimensional Brownian Motion fBt gt�0 defined
on the probability space .˝;S;P/; thus,

1. P.f! 2 ˝I B0.!/ D 0g/ D 1.
2. For all 0 � t0 < t1 < : : : < tk , k 2 N, the random variables

Bt0 ; Bt1 � Bt0 ; : : : ; Btk � Btk�1

are stochastically independent.
3. For every 0 � s < t , the random variable Bt � Bs is N .0; .t � s// Gaussian

distributed.
4. All paths of fBt gt�0 are continuous.

The generalized stochastic process representing this Brownian Motion is given by

˚B;' W ˝ ! R; ! 7!
1Z

0

Bt .!/'.t/dt:
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Since the pathwise differentiation f P̊
' I ' 2 Kg of a generalized stochastic

process f˚' I ' 2 Kg yields again a generalized stochastic process, we are able
to investigate the generalized stochastic process f P̊

B;' I ' 2 Kg, which has the
following properties:

• E. P̊
B;' / D 0 for all ' 2 K .

• Cov. P̊
B;'; P̊

B; / D
1R

�1
'.t/ .t/dt .

• For arbitrarily chosen linearly independent functions '1; : : : ; 'n 2 K , n 2 N, the
random variable . P̊

B;'1 ; : : : ;
P̊
B;'n / is Gaussian distributed.

If one tries to describe the covariance function Cov. P̊
B;' ; P̊

B; / as a classical
function in two variables t and s, then this function has to behave like

lim
�!0

ds;�2.t/

�

D
	
0 if s 6D t

1 if s D t

�

:

For this reason and because

E. P̊
B;'/ D 0 for all ' 2 K;

the generalized stochastic process f P̊
B;' I ' 2 Kg serves as a typical random noise

process in engineering and is called a white noise process. Although this process is
not a representative of a classical stochastic process, it is often described by

�t W ˝ ! R; t 2 Œ0;1/

in the literature. Using an n-dimensional Brownian Motion

fBtgt2Œ0;1/ D

0

B
@

fB1;t gt2Œ0;1/

:::

fBn;t gt2Œ0;1/

1

C
A ;

then fB1;t gt2Œ0;1/; : : : ; fBn;t gt2Œ0;1/ are stochastically independent one-dimensional
Brownian Motions, and we obtain an n-dimensional white noise process

8
<̂

:̂

0

B
@

P̊
B1;'

:::
P̊
Bn;'

1

C
A I ' 2 K

9
>=

>;

incorrectly denoted by fNtgt2Œ0;1/ in the literature.
Let

Yt W ˝ ! R
n;n; t 2 Œ 0;1/;
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be a matrix-valued stochastic process defined on .˝;S;P/ with continuous paths;
then the Fisk–Stratonovich integral of fYtgt2Œ 0;1/ with respect to the Brownian
Motion fBt gt2Œ 0;1/ was defined by

TZ

0

Yt ı dBt WD L2-lim
q!1

pqX

iD1
Y tiCti�1

2

.Bti � Bti�1 / :

Substituting

pqX

iD1
Y tiCti�1

2

.Bti � Bti�1 / by

pqX

iD1
Y tiCti�1

2

Bti � Bti�1
ti � ti�1 .ti � ti�1/;

we define
TZ

0

YtNt dt WD
TZ

0

Yt ı dBt :

In several applications like image processing and pattern recognition, one has to
minimize a twice continuously differentiable objective function f W Rn ! R, which
is not known explicitly, but informations about the gradient of f are given in the
following way:

For each continuous curve

k W Œ0;1/ ! R
n;

the evaluation of the gradients of f along these curves is connected with additive
white noise disturbances:

rf .k.t//C Nt ; instead of rf .k.t//; t � 0;

or, more correctly in terms of generalized functions:

˚rf ık.'/C

0

B
@

P̊
B1;'

:::
P̊
Bn;'

1

C
A instead of ˚rf ık.'/; ' 2 K;

which means:

0

B
B
B
B
B
@

1R

0

.rf .k.t//1'.t/ � B1;t ' 0.t//dt

:::
1R

0

.rf .k.t//n'.t/ � Bn;t'
0.t//dt

1

C
C
C
C
C
A

instead of

0

B
B
B
B
B
@

1R

0

rf .k.t//1'.t/dt
:::

1R

0

rf .k.t//n'.t/dt

1

C
C
C
C
C
A
;

' 2 K .
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Now, we have to deal with a comparison of function values of f . Assume that
we have computed two points x1; x2 2 R

n. With the line

� W Œ0; 1� ! R
n; t 7! x1 C t.x2 � x1/;

we obtain:

f .x2/� f .x1/ D
1Z

0

Pf .�.t//dt D
1Z

0

rf .�.t//>.x2 � x1/dt

D
0

@
1Z

0

rf .�.t//dt
1

A

>

.x2 � x1/:

Since we can evaluate only realizations of

rf .�.t//C Nt instead of rf .�.t//;

we are only able to compute numerically a realization of the random variable

�f W ˝ ! R; ! 7!
1Z

0

.rf .�.t//C Nt .!//
>.x2 � x1/dt

D
0

@
1Z

0

.rf .�.t//C Nt .!//dt

1

A

>

.x2 � x1/

D
0

@
1Z

0

rf .�.t//dt
1

A

>

.x2 � x1/C
0

@
1Z

0

Nt .!/dt

1

A

>

.x2 � x1/

D f .x2/ � f .x1/C .B1.!/ � B0.!//
> .x2 � x1/:

Therefore, �f is a N
�
f .x2/ � f .x1/; kx2 � x1k22

�
Gaussian distributed random

variable. If the computed realization of �f is greater than zero, then we conclude
f .x2/ > f .x1/ and vice versa. The error probability is given by
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0Z

�1

1
q
2�kx2 � x1k22

exp

 

� .x � jf .x2/� f .x1/j/2
2kx2 � x1k22

!

dx

D ˚

�

�jf .x2/ � f .x1/j
kx2 � x1k2

�

;

where ˚ denotes the standard normal cumulative distribution function. In [Mör93],
numerical examples of this approach are summarized with up to n D 5 variables.

It is important to distinguish between the Brownian Motion fBt gt�0 implicitly
given by the white noise process and a Brownian Motion f NBt gt�0 used for
randomization of the curve of steepest descent. Both processes can be assumed to
be stochastically independent. Since

X.t; !/ D x0 �
tZ

0

.rf .X.�; !//C N� .!//d� C �
� NBt .!/ � NB0.!/

�

D x0 �
tZ

0

.rf .X.�; !//C N� .!//d� C �

tZ

0

In ı d NB� .!/

D x0 �
tZ

0

rf .X.�; !//d� �
tZ

0

N� .!/d� C �

tZ

0

NN� .!/d�

D x0 �
tZ

0

rf .X.�; !//d� C
tZ

0

.� NN� .!/� N� .!//„ ƒ‚ …
p
�2C1� PQB� .!/

d�

D x0 �
tZ

0

rf .X.�; !//d� C
p
�2 C 1

� QBt .!/� QB0.!/
�
;

the theory of section three is applicable with
p
�2 C 1 instead of �.
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[RitSch94] Ritter, K., Schäffler, S.: A stochastic method for constrained global optimization.

SIAM J. Optim. 4, 894–904 (1994)
[Sal.etal02] Salamon, P., Sibani, P., Frost, R.: Facts, Conjectures, and Improvements for

Simulated Annealing. SIAM, Philadelphia (2002)



References 143
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[Schä95] Schäffler, S.: Global Optimization Using Stochastic Integration. Roderer, Re-

gensburg (1995)
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